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Abstract 

In the one nucleon sector of Nelson's massless model with an ultraviolet cut-off and no 
infrared regularization, one particle improper states are constructed and a scattering theory is 
developed both for the massless scalar field and for the non-relativistic particle. One particle 
improper states are obtained constructively by iterating an analytic perturbation of isolated 
eigenvalues. Scattering states are constructed by exploiting some properties of (non-relativistic) 
locality of the model and starting from "minimal asymptotic nucleon states". They represent 
asymptotic configurations where a cloud of (soft) mesons always appears even if their energy 
may be arbitrarily small. 
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Introduction 



The model I will examine describes the covariant interaction (under spatial trans- 
lation) between mesons and a non-relativistic nucleon. The rigorous study of the 
model was started by Nelson [1], in order to remove the ultraviolet cut-off in the 
interaction, in the case of massive mesons. 

Then, it was used as a toy model to give a consistent explanation of interaction be- 
tween radiation and matter, in particular of a single charged particle with radiation 
field. 

The most important results on the subject are contained in [2] . They regard both 
the case of massive mesons and the massless case. In particular they show the ex- 
istence of a subspace of one particle states for the hamiltonian (it means that the 
hamiltonian acts on them as a function of the total impulse) in the massive case and 
the absence of such a subspace in the other case (if there is no infrared regularization 
in the interaction term) . Recently [3] the model was studied in order to prove asymp- 
totic completeness, adding some more conditions (confinement of the non-relativistic 
particle). 

In this paper I study the interaction of a non-relativistic nucleon with massless 
mesons, without infrared regularization. The aim is to prove that a description of 
the asymptotic dynamics exists once the ultraviolet cut-off is fixed in the interaction 
and for sufficiently small values of the coupling constant; the result is a scattering 
theory in a physical relevant subspace with an explicit interpretation with respect to 
the asymptotic dynamical variables. 

The interaction without infrared regularization involves additional difficulties with 
respect to previous treated versions: 

- the absence of a ground state for the hamiltonians at fixed total momentum; 

- the massless dispersion of smearing test functions in L.S.Z. meson field operators. 
These operators have to define a free meson field in the asymptotic limit. 

My approach to scattering is different from the traditional one in two aspects: 

- the first one consists in using some mechanism of the scattering in quantum field 
theory (Haag-Ruelle formulation), by exploiting the locality properties at fixed time 
of the model; 
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- the second one is technical and regards the determination of the limit, for a — > 0, 
of the ground states of the hamiltonians with an infrared cut-off a, at fixed total 
momentum and properly transformed. I will use an iterative procedure (different 
from the operatorial renormalization group [4] by Bach, Froehlich and Segal) which 
gives a strong convergence with an error estimable in terms of the infrared cut-off 
that we have to remove. 

Finally, I observe that some of these ideas and techniques can be used in the study 
of scattering in the one-electron sector of non relativistic quantum electrodynamics. 



Definition of the model. 

The system consists of a non-relativistic spinless quantum particle of mass m, which 
is coupled to the massless boson field. The non-relativistic particle is described by 
position and momentum variables with usual canonic commutation rules (c.c.r.) 

[xi,pj] = iSij {h = 1) ; 

the meson field is described by A (0, y) = ■ J (at (k) e~ ik - y + a (k) e ik ' y ) -g^ 

(c = 1), where at (k) , a (k) are creation and destruction operator valued distribu- 
tions which satisfy the c.c.r. 



[a (k) , a (q)] = [at (k) , at (q) 
a (k) , at (q)l = o 3 (k - q) 



= 



The spatial translations are implemented by the total momentum 
P = p + P e - m - = p + / kat (k) a (k) d 3 k ■ 

the time evolution is given by the covariant hamiltonian ([if, P] = 0) 

H = £ + 9 So (k) e* k ' x + at (k) e^) A + H™° 

where k is the ultraviolet cut-off and g is the coupling constant. 

The Hilbert space of the system is H= L 2 (i? 3 ) ® F, where F is the Fock space 
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with respect to the operator valued distributions ja* (k) , a (k)|. An element of H is 
a sequence {ip n } of functions on R 3n+1 with ||-0|| < oo, where 

U\\ 2 = E~ o / V>" (x, k 1; ..KW (x, k 1; ..k n ) d 3 k 1 ...d 3 k n d 3 x and each ^ (x,k 1; ..k n ) 
is symmetric in ki, ...k n . The n = component corresponds to the vacuum subspace 
tensorized with the non-relativistic particle space L 2 (R 3 ). 

Standard results about Hand P: 

i) The operators P = p<g)l + l(g) Jka 1 " (k) a (k) d 3 k are essentially self-adjoint (e.s.a.) 
in D = VneK h®if) n , which is the set of finite linear combinations of vectors of wave 
function h (x) if) n (k l5 ...k n ), where h (x) G 5 (i? 3 ) and where ^" (k 1; ...k n ) G 5 {R 3n ) 
simm. ,n G K. Since p, / ka* (k) a (k) cP/c are e.s.a. respectively in S (R 3 ) and in 
VnenV^; the result follows for P operators. 

ii) The interaction term in the hamiltonian is a Kato's small perturbation with re- 
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spect to H = 2-+H mes ; therefore the hamiltonian if is e.s.a. in .D = V«eK /i®^ n and 
D(H) = D(H ). 

iii) The groups e* a P e e lTi? ( t, a 1 £ R ) commute. 

iv) The joined spectral decomposition of the space H, with respect to P opera- 
tors, is written H= © JHp<i 3 P, where Hp is isomorphic to F. 

In fact, to the improper eigenvectors (of the P operators) ipp of wave function 

M (*M,~K) = (27r)^e l ( p - k —- k ^P (k!,..k n ) 
we can relate a natural scalar product: 

(0£,Vp) = S n>m J <\> v (ki,..k n )^ (k l5 ..k„) d 3 h...d 3 k n 

(0.1) 

The vectorial space {VneK "0P } i s obtained as closure of the finite linear combi- 
nations of the ijjp, in the norm which derives from the scalar product (0.1). Starting 
from this space we uniquely define the linear application 

Iv-\J ^->F b 
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by the prescription: 

Jp (V$ (x, k 1; ..k n )) = ^ / 6* (kx) ....6t (k n ) V£ (k l5 ..k n ) d^h.M^o 

where 6 (k) , fet (k) formally correspond to a (k) e lk x , a 1 " (k) e~ lk x . They are destruc- 
tion and creation operator valued distributions in the Fock space F b = F . The norm 
given by (0.1) for is equal to ||lp (V'p)II.f ( WWp ^ s the Fock norm). 

Main results. 

The results will be presented in two parts. 

The first one regards the determination of the ground states tpp of the hamilto- 
nians 

= (Pp! _ PJ^ + Pi + jn ( h (k) + 6t (k) ) ^ mes 

■^' CT 3 2m m 2m J Oj \ v y v V -i/2|k| 

at fixed total momentum P, restricted to the set £ = {P : |P| < \fm\, where 

j+i / , \ 16 

Oj = e~ , < e < ( j J andj G K, is the infrared cut-off. 

The main results are: 
1) Theorem 1.5 

Hp.e^/e \f+ nas un iq ue ground state ipp with gap bigger than ^^(unnormalized)) is 



^ = -7T- 4> Tt 1 -F dE i ) : 



2™/ H FieV - e -E 

p C aim o.l. \uj — ±j-p \ — — 2Q~~ 



where the integral is calculated around the point Ep , E e C and s.t. \E — E P \ = lle ^ 



In its generalization to generic j, this result and Corollary 1.6 allow to construct 
the sequence of ground states j^p" 3 " j f° r sufficiently small g. 

2) In theorem 2.3 and 2.3bis. the strong convergence of the sequence j^p" 2 " j 



is proved for small coupling constant g, with an error 



3 + 1 

(ftp = s — lirrij^oz 0p 
formed hamiltonians 



< e is , where 



The vectors j^p" 2 " j are the ground states of the trans- 
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H Z i+i = W e i^ ( V£e41 ( p )J ffpW^ii. f v£ eV ~ (P) 



P.e" 



(where J+ i ( VE e 2 (P) ] = e 



TFT 

E e 2 (p- 



In the second part, I will treat the scattering. I will assume a technical hypothe- 
sis that is not proved in the spectral analysis:[| 
there exists a positive constant m r such that 

hypothesis Bl ™>£ a V. 

The main result is the construction of the generic minimal asymptotic nucleon state 
wave function, in variables P, of the one-particle state from which 
the construction of the minimal asymptotic nucleon state starts). It is defined by 
the strong convergence of the approximating vector ipc if). This subject is discussed 
in the paragraph 4.2. The result is proved in theorem 4.1. 

3C,p>0 s.t. <g 

From this result, the construction of scattering subspaces H out(m) and the defini- 
tion of asymptotic dynamical variables easily follow: 

theorem 5.2 

The functions of nucleon mean velocity, continuous and of compact support, have 
asymptotically strong limits in H ou *; in particular: 

s - Um t ^ +00 e iHt f (f ) er im ^% = where / (P) = lim^f (V£ CT (P)) 

corollary 5.3 

In the spaces H out , the asymptotic meson algebra A out is defined as the norm closure of 

1 In this respect, I cite the result T.Chen communicated me: the function E (P) has continuous 2 nd derivatives. 
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the *algebra generated by the set of Weyl operators {W out (fi) : \i (k) e (R 3 \ 0)}: 
^(//) = s- lim e iHt e -iH^n e i(a M+ aH^) e iH^n e -im 



Part I 

Spectral Analysis. 

The iterative procedure aims at constructing the sequence j^p | of ground states of 
the hamiltonians Hp aj 

= ^ - *== + £ + s j? (» w + * «) ^ + h~ 

j+i / , \ 16 

where cr, = e~ < e < f jeK. 

The procedure starts from the comparisons between the resolvents of the hamil- 
tonians ifp j(T .and Hp aj+1 . It recursively uses the Kato's theorem on analytic pertur- 
bation of isolated eigenvalues (of self-adjoint operators) to relate the ground states 
ipp and V'p +1 j a t eac h step two pieces of information are required: 

1) a lower bound for the gap (with respect to the ground eigenvalue) of the hamilto- 
nian Hp aj restricted to the subspace 

F+ +i = {Vn G x^ n (ki,...k n ) : n G K, V" (ki, ...k n ) e L 2 (R 3n ) simm. , |k,| > a j+1 1 < i < n}; 

2) an estimate of the difference AH P I S+i = i?p CT , i L+ —Hp a L+ between two 
subsequent infrared cut-off hamiltonians; this is small with respect to i/p CT . ] p + in 

a generalized sense, which means that it is possible to expand the spectral projection 

of Hp {j \ F + on the ground eigenvalue in a perturbative series in terms of the 

' 3+ CT j+i 

resolvent of Hp a L+ and of the difference A.£/p 



The convergence of the sequence jV'p } is a problem of perturbation of an eigen- 
value in the continuum, precisely of the ground eigenvalue of the hamiltonian H F = 
= — p ' pmes + y~ + H mes . If the exponent of |k| in the interaction term of 
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the hamiltonian were larger than -\, the norm estimates about resolvents would be 
sufficient not only to construct the sequence j^p } but also to gain the convergence. 
The physical case —\ is a limit case which requires inequivalent representations of 
the variables {& (k) , (k)| at different P, and strong estimates of the series expan- 
sion of the difference between two subsequent ground eigenvectors in order to have 
convergence. 

In the case P = the right representation is explicitly known by symmetry. The 
only problem is to improve some estimates of some terms in the iterative procedure, 
in order to gain the convergence; in the case P ^ 0, the representation problem 
is solved by transforming, step by step, the hamiltonian in a canonic form . Such 
canonic form is analogous, as regards the convergence problem, to the case P = 0. 
In the limit we obtain the representation of jfc(k) (k)| given by the non-Fock 
coherent transformation: 



Since such representations of jfr(k) , (k)| are inequivalent for different P, we have 

to face the problem of the existence of the vector / cppd 3 P where 0p is the limit in 
Fock space of the ground states of the transformed hamiltonians W a (P) H-p a W\ (P). 
The sufficient conditions to define / <ppd 3 P are explored in chapter 3. 



In the present chapter I only construct the sequence. In order to do it, I introduce 
some preliminary lemmas (1.1, 1.2, 1.3, 1.4). The are necessary to perform the first 
step of the iterative procedure contained in theorem 1.5. In the results of theorem 1.5 
there are the hypotheses to repeat the same procedure with a smaller infrared cut-off. 



Finally in corollary 1.6 the sequence of ground states < ifjp , j G K > is constructed. 



The lemma 1.4 is crucial to the prove theorem 1.5. Starting from the perturbative 

series of the resolvents of the hamiltonians, it allows to state that the norm difference 

between the ground states of H j+2 and of H j+iis of order 1. 

p,6Hr- p, e ^r 

The initial hypotheses are: 




1 Construction of the sequence 
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- at the first step, the infrared cut-off is e < k , < e < (^J ; 

- the mass m satisfies m > 25 • 4 20 ; 

-the coupling constant g > and the ultraviolet cut-off k satisfy the relation 
2ng 2 K<\; 

- the momentum P are restricted to the set E = {P : |P| < \pm\ . 



We synthesize the content of the lemmas: 

- lemma 1.1 is a simple application of Kato's theorem to the hamiltonian with in- 
frared cut-off e in order to fix a coupling constant ~gl such that a unique ground 
state exists of energy £p where the gap is bigger than |, for P in the set 
E = {P : |P| < v^}; 

- in the lemma 1.2 I study the operator H P e restricted to the subspace Under 
the initial assumptions, -0p (g> ipo is the unique ground state of Hp e \ F + of energy 

Ep and its gap is bigger than fey^e; 

- lemma 1.3 proves that the ground energy is increasing in the infrared cut-off: 



Lemma 1.1 

Given e and for P G X = {P : |P| < Vm}, there is a value for the coupling constant 
gl = ~gl{m, k) such that the ground state -0p of f/p i£ | F + exists unique and the cor- 
responding eigenvalue £p is isolated. Its gap is bigger than |. 

Proof. 

If P G £ = {P : |P| < y/m} and </? G D b f] F+ ( L> 6 = \/ neH ip n the dense set in 
F + which is generated by the finite linear combinations of vectors of a finite number 
of mesons (b, tf) and of (symmetric) wave function ifj n (k 1; .., k n ) G S (R 3n ) , n G N) 
we have: 

(*>. (flS -£)*>) = (*>, ^ + > 
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> (-^ + h- s ) <p) = fa ir (iki - k . |) &t (k) 6(k) d ^), 

therefore, if P G £, the vacuum vector if) is the ground eigenvector of H F , of 

ener §y £• 

Let us consider the perturbation 

# P , e = g f — ±-r (b (k) + fet ( k )) d 3 £ 

and an integration circle 7 in the complex plane of radius |e and centered in £p = 

= ^ ^ s ^ ne eigenvalue of the ground state ipo of i7 P | F +when P 6 S. By Kato's 
theorem , for g sufficiently small and uniform in P G £, g < there is a unique 
ground state of H P e \ F +, of energy £p < |e + moreover no other point of 
the spectrum of Hp e \p+eii>%, is inside 7 . 

Therefore the inf spec (H-p e Ep and the related gap is bigger than |e. 

Remark 

The ultraviolet cut-off n and the mass m, with the initial constraints, are fixed. 
The value of g will be constrained several times during the procedure; at each time I 
will call g the maximum value such that the constraint under examination is satisfied 
and the previous constraints too. 

Lemma 1.2 

If V>p is the ground state of H F e \ F + with gap bigger than |e, then ipp is the ground 
state of Hp e \ F + (with the same eigenvalue) and its gap is bigger than fe-^/e- 

Proof. 

The proof is in two steps: 

a) at first, I analyze the hamiltonian Hp e \ F + plus terms of the difference 

Hp,e \f + ~Hp,e \f + i n which the meson field modes of frequency between e^fe and 

e do not interact with frequencies bigger than e; 
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b) then I will consider the interaction with frequencies bigger than e too. 



< — > 



a) 

We decompose as F e + <g> F^, where is the tensorial sub-product defined as 
follows 

F^ = |V^ n (ki,...k„) f (k l5 ...k n ) G L 2 (i? 3 ") simm. , e > |k,| > e^~e ,1 < i < nj 

I introduce the intermediate hamiltonian /fp )£ | F + : 

H P ,e \ F+ = h (P^ L + °°) 2 ® 1 " P - P 7 U+0 ° ® 1 + £ ® 1 + |k| & f (k) 6 (k) d 3 £ ® 1 + 

+g j: (b (k) + 6t ( k )) ® 1 + 1 ® (P— |^) 2 + | |k| fet (k) 6 (k) <$k} 

that I denote as Hi <g> 1 + 1 <g> i/ 2 - 

I observe that Vy?i G F e + and V(^2 G -^/j? y^and normalized vectors, we have 



(1) 



since 

. #2 = J- (p«^2 |e +| |k| 6 f (k) 6 (k) d 3 k is a positive operator 
• (</?i, ifi<£>i) = ((fi!, H Pjt \ F + ipi) if tpi G F+ 

Starting from the joined spectral decomposition of Hx <g) 1 and 1 ® i7 2 in ® F^ 
we conclude that: 

1 ) Ep is the ground energy of Hp e \ F + , otherwise the condition (1) is not valid; 
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2) the gap of Ep (corresponding to the eigenvector ifjp <S> ipo, il>o is the Fock vac- 
uum) is bigger than min jfe-^/e, § }; by the hypothesis e < (j^J , then the gap is 
bigger than \e\fe . 



b) 

^ pmesle 

H F , e \ F+ = H P , e \ F+ +^r^ (P mes -P) + \ leVe l k l fot ( k ) b ( k ) d 3 k 

e v^e e ^e 

I define: 

■pmes I 6 

AH P , e \ F+ = — Ja£ (P— |+- -P) + \ LVe |k| &t (k) 6 (k) d 3 £ = 

pmes |e 

= — ST* ( pmeS -P) + I J^E Ik| & f (k) b (k) d 3 A; + £ |k| ftt ( k ) 6 ( k ) d *k 

Let us observe that from the decomposition of = F+<g>F^ in the two orthogonal 

subspaces Fi©F 2 , where Fi = {ip <g) ip : (p G and F 2 = ® ^ : </? G F e + , -0 G -0±-0 o }, 
we have: 

Hv,e \f+ '■ Fi —> Fi 
Hp,e |p+ : F 2 — > F 2 . 

Spectrum of H P t \ Fl . 
Since H Pe 1^= i/p e | ^ the final results 1) and 2) of a) are valid. 



Spectrum of H Pe \p 2 . 

In order to verify that inf spec (H Pe \p 2 ) > Ep + , I will prove the inequal- 

ity 

inf spec (h P£ \ F2 ~ jT_ |k| &t ( k ) b (k) d 3 k > Ep + jje^ 



12 



which implies the previous one and that will be useful in the lemma 1.4. 
Given the joined spectral decomposition of the operators: 

tt 1 /pmes\2 |e i 3 rrmes \e 

pmes 1 |<=^_ / = 1?2 ,3 
|e 



1 £jmes |e 



it is easy to verify that if two vectors ipj and tpji in have disjoint spectral 

supports, we have 



Therefore, it is possible to restrict the analysis to the mean value of 

Hp te \f 2 — ^ Se^/i |k| ^ (k) b (k) e? 3 fc |f 2 applied to normalized vectors like ip <S> <fij, 

where ip G F e + is in the domain of Hp e , ipj G is in the domain of H mes |^: 



(y? <g> (pj, H F<e \ F2 -i |k| &t (k) 6 (k) <2 3 A; | Fa y? <g> ^ 

<p®ipj, H P<e \ F2 Lp <g> ^) +2[lp®lp v (P— |+°° -P) p ® + 



I study the quantity written above as a function of two independent variables: 
. c,-=(^,J^ |k|6t( k ) 6 (k)rf»fc^-) 

with the constraints Cj > and Ep jip(S)(pj > Ep + \e^fe. 
Let us note that 
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H 



— (P 

2m V 



mes |+oo 
le 



-P) 2 -^(P mes |^) 2 + 2vr^>0 



le pmes |+oo 
lev^'^ le 



from which it follows that 

, . \ / pmes I e \ 

[ip ® <pj, H P>€ \ F2 ip ® if-) + <g> tpj, (P mes |+°° -P) <p ® <Pj) + 2ng 2 K > 

Since 

H P , e \ F+ = H P , e \ p+ (P^ |+°° -P) + \ leVe |k| 6t (k) b (k) d 3 fc 

for Cj > 5 

(<p ® { # P , e | Fa |k| fet (k) 6 (k) d 3 A; \ F2 } ip ® = 

^ ® { #P,e |^ (P^ le + °° -P) + \ JeVl l k l fot ( k ) b ( k ) ^ } V ® <Pi) 

> \cj — 2-Kg 2 K > 1 — 27rg' 2 «; 

In order to study the case < a, < 5, since i/p e + 2ng 2 n — ^ i s a 

positive operator, I observe that 



vi (pmes |+oo _p) y <% (pA = fa (p^ |+°° _p) .l(p j} 



< 



< Ef =1 £ | 0, (P megl \t°° -P l ) <p) | | (wJeVe |k| ^ (k) 6 (k) d 3 ^,) 

< (E P , m + 2tt 5 2 k) 1 • 3^1 , |k| ftt ( k ) 6 (k) d 3 ^,) 

< [Ep iV9v . + 2tt 5 2 k) 5 -3c,YJ 
from which 

(V ® (# P , e |f 2 JeVi |k| 6 f (k) b (k) d 3 A; | Fa ) (p ® ^ 



< 
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= {(y^, #p,, |f 2 y ® Vi) + ® ^, -^r^ 1 (P mes -P) v ® <Pj) + 

+ (ip <g> tpj, \H™ S |^ V ® ^) } > £ P ,^. " 3c,yj (e p , w + 2ng 2 K) 2 + ± Cj 
I define the function: 

/ (Ep,<p®tpji c j) = Ep,tp®<pj — 3cj (Ep i(p(g)ipj + 27rg 2 /t) 2 +|cj — 1| (E P>(p(S)tpj — £p) + £p 

i 

= l-Sp^cg)^- - 3cjy^ (Ep jtplSltpj + 2ng 2 Kj 2 + |c,- - |£p 

Analysis of f (^,^^,9) . 

First of all we observe that the positivity of / [Ep^ 9p implies: 
(if <g> ^, (if P>e | F2 -i |k| fot ( k ) 6 (k) d 3 A: | F2 ) y? ® ^) > 
> I {pp,ip®ipj — Epj + -Ep > 5 e V^ + -Ep 

Discission 

For the initial assumptions m > (^|) e 2ng 2 K < |; the values of the variables 
of / to be considered are: < Cj < 5 and Ep^^. > E p + fe-^/e. 

I will consider separately two cases: 

i) if Ep >(p ^ ipj < 1 - 2irg 2 K , 

then |cj - (Ep^®^ + 2tt5( 2 k) 2 > 

from which / (-Ep^®^- , c,-) > | (Ep tip<S(pj - £p) > 0; 
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ii) if E P:(f(g)(pj > 1 - 2ng 2 K , 

let us observe that dEp d f (pP^v^Cj) =\~ 3c i^ ( e p,v®v 3 + 2tt# 2 k) 2 from 
which QE^r^-f ( E P,v®<Pji c j) > for Ep.vxavi - ( 15c i7!b) ~~ 27r 9 2 K, that is a min- 
imum value at fixed Cj-; since (l5cj^=) < 1, by exploiting the result i), we arrive 
at / (£p )V ,® w ,Cj) > / (^(l5c i7 i^) 2 - 2irg 2 K,c^) > . 

If -Ep + fey^ < 1 — 2ng 2 n, the previous results tell us that 

inf^. (y ® ^, { H P,e \f 2 |k| 6+ (k) 6 (k) d 3 A; \ Fa } <p ® ^) > £f> + 

The results in a) and b) imply that, if Ep + fe-^/e < 1 — 2ng 2 K then the minimum 

value of the spectrum of i/p e | F + is Ep and the gap is bigger or equal to 

t^/i , .... .... .. 

\e\fe. For the lemma 1.1 the value of the coupling constant is such that Ep < J^- 

Since e < (|) , 2ng 2 K < | and P 6 E, the condition £p + fey^ < 1 — 2ng 2 n is 
satisfied. 

Lemma 1.3 

The following relation between Ep, Ep^ (ground energy of Hp ey n \ F + ) holds: 

E P > Ep^ >E P - A0ng 2 € 

Proof. 

H *«T* U = h ( pmeS \t°°) 2 ®± + L +00 |k| 6t (k) b (k) rf 3 A;®l-^^l + g®l + 
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+g!: (b (k) + 6t ( k )) ® 1 + 1 ® £ (P— |^) + P™» |+°° ®^^+ 

p pmes le . 

-1® _Wi + i j e ^|k|6t(k)6(k) rf»fc + l®0£ /E (&(k) + &t(k 



rf 3 k 
v^|k|2 

The mean value of Hp e r \ F + on -0f> ® t/> (normalized) is .Ep. 

By definition, Ep~ e is the inf of the mean value of H P ey q \ F + on the normalized vec- 

tors in belonging to the operator domain. Therefore E'p 1 < Ep and in general 
for (7i > a 2 £ Ep < Ep. 

Moreover, as proved in the previous lemma 

inf spec I H P:6 \ F+ -— f |k| (k) b (k) d?k j > 

y 20 Jev/i y 

while completing the square 

If |k| &t(k) 6 (k) + f (&(k) + 6t (k)) + 40^ 2 e > 

It follows that 



Ep^ = inf spec f Hp^ \ F+ ) = inf spec (h Pj£ \ f+ +g (b (k) + 6+ (k 
> inf spec (# P , e |k| 6+ (k) 6 (k) d 3 A; - 407r# 2 e) > E F - 407vg 2 e 



V2\k\? 



> 



Coupling constant constraints. 

In the following lemma 1.4 a value g will be fixed. It allows to estimate the dif- 
ference between the ground states at different and arbitrarily small cut-off Uj. The 
validity of lemma 1.2 at each step for fixed g is necessary for the consistency of the 
iteration. The relation in lemma 1.3 assures the validity of lemma 1.2 since: 

Ef^ + -e^r <E e p + -e^fe < 1 - 2ng 2 K Vj 
5 5 
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Definitions 



Hp,eyr t \p+ = ff P , e \p+ + (AH P y e r 

€y/€ eye v 



d 3 k_ 



Lemma 1.4 



For a properly small g , (Aff P )^ is small of order 1 with respect to ifp e 
in the following sense: 



given E such that 



E - inf if P 



e IF" 



xA 7 



I^-Epl = ^ 



and 



where < C (g, m) < . 



< 20(C(g,m)Y 



Fe^T 



Theorem 1.5 



Hp,e^l \f+ has a unique ground eigenvector of energy E^ € and gap 



un-normalized vector ifjp^ corresponds to 



2m J ff P;eVi - E 



dEiPl 



where E e C and \E - E$>\ = ^e^. 



Proof. 
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Continuity argument. 



I distinguish the coupling constant g in H F e \ F + from that one in (AHp) e r, and I 

call the last one gK Kato's theorem ensures that (2) is verified for sufficiently small 
3", since the gap of H-p e \ F + is bigger or equal to fey^ and (Aifp ^_ is a small 

Kato perturbation with respect to Hp e \ F + . 
Now look at the figure 



ImE 









Re E 











if g$ increases, the equation (2) is valid till the eigenvalue E P ^ remains inside 
the circle of integration and the remaining spectrum of H P e r e \ F + remains out- 

side of the circle of integration; a limit value g$ exists for which the expression 



-J- £ 
gration. 



dE diverges because the spectrum intersects the circle of inte- 



According to the estimates in lemma 1.4 we can conclude that: 



the integral—^ 



dE exists for < < g = g and then g < g$ 



- the ground state of H P e n \ F + is unique and it is not zero since 
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where the norm of the remainder - ^- £„=i § Hp ^ \ _ E - (Atfp)^ j^-t 1 



\ F + 



is less than IIV'pII- Therefore ^p^is not zero since: 



E | F + 



> 



> 



1-12C (g,m) 
l-Cfom) 



> 



- since for lemma 1.3 Ep~ e < Ep, the gap is bigger than ^ . 
Corollary 1.6 

Thanks to the results of theorem 1.5 about the existence of the ground state of 
Hp,e^ \f+ an d about the gap ( bigger than it is possible to iterate the proce- 
dure at fixed g, by applying lemmas 1.2, 1.3 to Hp ey q | F +and Hp € 2 \ F + and by using 
properly adapted versions of lemma 1.4 and of theorem 1.5 to compare Hp ey q \ F + 
and Hp e 2 L+ . 

Therefore the iteration is consistent and it does not end since the vector obtained at 
the step j + 1 has norm bigger than a fixed fraction of the norm of the vector at the j 
step. At each step the cut-off is reduced by a factor ea , so that at the j step we obtain: 



3+2 
e 2 



2 + 1 



-E 



3+2 



2 + 1 

- (Ai/ P );5 H _ E 

P,e^~ 2+2 



dEi) 



2 + 1 
P 



Lemma 1.4 



2 + 1 



For fixed and properly small <? , (A/J P ) € j+2 is small of order 1 with respect to 
H 



2+1 L+ , in the following sense: 

P,e~2- ' p j+2 



given E 1 such that 



E - inf H 



P,e" 







2+1 






E-Ef~ 


J t 2 







lie" 



2+2 



20 



20 



2+1 



3+1 



h p i+±+( AH *y iU- E j¥ 

and 



F + 

' P 3+2 



2 + 1 



H 3+1 



- (a#p);$ ^ 



2+i "Si 



< 20(C(g,m))" 



3+2 



where < C (g : m) < is a constant independent of e~ . 
Proof 

Let us analyze the n th term of the following sum 



1 +oo 

— - — y 

H s+i — E ^ 



n=l 



' -' / / J + 1 — E 



3 + 1 



-i) B ir^(^r)l£if 1 



3 + 1 



(A// P ) e 5 



H 

l 

\ 2 



3 + 1 



3 + 1 



—E 



H j+1 -E 



where 



H 



3 + 1 



—E 



is defined starting from the spectral representation of H 3 +i 



P,e~ 



by using the convention to take the branch of the square root with smaller argument 
in (—it, 7r]. 



2 + 1 



Study of the norm of 



H 



3 + 1 



(A#p)% + 2 



H 



3 + 1 



2+2 



3 + 1 



H 



3 + 1 



-E 



3 + 1 



3+2 



H J+ i -B 



H j +1 — B 



2+2 
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<2<7 



H 



3 + 1 



-E 




-^r&(k) d 3 k) 



H j+i —E 



3+2 



3+2 



if the above quantities exist. 



The following estimate holds: 



2 + 1 

rz b (k) 



d 3 k 



H 



3 + 1 



< 



(4) 



F+ 

P 3+2 



Proof 



Let us consider vectors ip G D b f| F+ +2 ; then 



l 2 

\ 2 



3+1 

r-^z,) % • /# »' W +% /# Kk) +% (r£=«) % 

In general 

(3+1 3+1 \ 

*>■ Af Af 7=7="* « " (q) = 

= /-f rf (*> , m w * (q) *.) *m < 

3+1 3+1 1 1 

< Af I £ Z y=^7= (*> , 6 f (k) b (k) 5 (V , 6t ( q) 6 ( q ) ^ ' 

/ 2 + 1 \ / 3+1 \ \ ( 3 + 1 \ 5 

< [if, H mes yz <p) ■ u e Z ^d 3 kj ■ ijZ 

and the inequality holds in the case of vectors in D b (H mes ) too 



(5) 
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Therefore we arrive at 



H 



-E 



<p,H* 



3 + 1 



i*2 H 



3 + 1 



-E 



< y\ 



3 + 1 
'3 + 2 



H 



3+1 



if 



3 + 1 



3 + 2 



3 + 1 



ff 3+1 , |k| 6t (k) & (k) ci 3 A; 



= 0) 



3+1 



The operator norm of H mes \ £ j+2 





t 





























has to be stud- 



3+1 



3 + 1 



3 + 1 



ied separately on tpp and on F 3+2 Q ipp . The operator vanishes on ipp (put 

3+1 " 3+1 

e 7+2 on the right ). The discussion is restricted to the subspace F + j+2 ipp^~ 



Moreover, as already seen in lemma 1.2. adapted to the hamiltonianif 3+1 L+ 

P,e^~ 3+2 

we have 



3+1 



inf spec [ if p j+i \ F + to — ^ J e j+i |k| (k) 6 (k) d 3 A; 



3+1 



3+2 



>£p 2 +|e 



3+2 



3+1 



inf spec if 3+1 L+ -4 /VST |k|&t(k)6(k)rf 3 fc | F + -ffe£ > 

y P,e^T" j+2 <=U lf 3+2 y 
o 3+2 11 3±2 

> h 2 - i e 2 > 



3+1 



Going to the joined spectral representation of if j+i and H mes \ e j+2 , we obtain 

P,e 2 e ^2- 



3 + 1 
"3+2 



II t 

2 



if 3+1 



- £ 



if 3+1 



-E 



< 20 



3+2 
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(6) 



Putting together the inequalities (5) and (6) we arrive at the inequality (4). 
Conclusion 

If g is less than a limit value g, the thesis is proved since 



of order -j^r. 



h j+1 -E 

- P, £ T" / 



is 



J+2 



2 Convergence of the ground states of transformed Hp j(7 . . 

I conjecture that the hamiltonians Hp have a ground state for the representations 
of j&(k) , &t (k)| which are coherent in the infrared region (k = 0). Then an argu- 
ment is developed which explicitly identifies the eventual coherent factor in the case 
P = and implicitly in the case P ^ 0. Such a heuristic information will be used 
in a rigorous proof which is based on the iterative procedure of construction of the 
ground state. The two cases P = and P ^ are treated separately. 

Derivation of the coherent factor. 

Let us assume that ifj-p is an eigenvector of Hp and that it is "coherent in the infrared 
region", which means b (k) ipp ~ /p (k) ipp for k — > 0, where the meaning of the limit 
is given only "a posteriori". Then the coherent function fp (k) has to satisfies the 
following relation, in the neighborhood of k = 0: 

(V> P ,[#P,&(k)]V>p)=0 fork^O 



(V*.,[#P,&(k)]V>P 

V>p, 



^pmes ^ 

2m 



PP 



+ gf«(b(k)+tf (k))-gS- + fl™»,6(k 



PP 



|pmes ^2 

2m 



+ (ij P ,[H mes ,b(k)]^ 



b (k)] ^p) + Up, (& (k) + &t ( k )) b (k) 



V'p + 
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= _ M^,P-^ P ) _ (.P, W P : ^P). k + ^ ( ^ p; 6 (k) ^p)-^|| ll^f -|k| ( ^ P , 6 (k) ^) 

( Xo (k) characteristic function of {k : |k| < k}) 
then 

_ *<^mi*) _ ^m^)* + i£ ( ^ b (k) ^p)-^|| ||^P f -|k| (fc,, 6 (k) ^ P ) = 
= 

_ ^^ )M _ ^M^W' + ^ 6 ( k ) ^ P )-^f ll^f-lkl (V*, 6 (k) ^ P ) = 
= 



■ ^P^ /p (k)-£ II^pIIVp (k)+^ ||^p|| 2 /p (k)-^|| ||^p|| 2 -|k| ll^ll 2 /p (k) 



/ P (k) - • - x — — = - 9 -MM 



2 k. P-P r 



Therefore the expected behavior is 
and the coherent factor is labelled by Pi = P — P mes . 

The argument proves that if the ground state is "coherent in the infrared region", 
a non Fock state is necessarily. Starting from this result I operate a proper coherent 
transformation on the variables |fe (k) , (k)| of the hamiltonian Hp and I look for 
a ground state of the transformed hamiltonian in the Fock space with respect to 

{&(k),6t( k )}. 

Coherent transformation. 

bCk) — >b(k) 3 / - p - fork: < Ikl < k 

using the inter-twiner 
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/r> \ r« fc(k)-fct(k) d 3 fc 



(7) 



Transformed hamiltonian. 
I rewrite i/p, P = Pi + P2 , as 

# p = (Pl+P L PmeS)2 + 9 Jo {b (k) + 6 t ( k) ) _^ + 
= M_^i^ + ^ + ^( 6(k) + 6 t (k) )^ + fl »« 

= i ^ + ^- P ^+r(iki-k.^)6t( k)Hk )^ + 

+ J n K f Ikl - k • ^) ( fct (k) + a * P J (b (k) + * ^ p - ) rf 3 A;+ 

^ 2|kf(l 1 -k.£) d3A: 

and I act on it with the coherent transformation: 

W (£) (£) = (8) 

- " 9 Jo ^i^Tj ( & < k > + &t M) + * 2 J? J^^^) 2 + 

+ /»(|k|-k.^) 6t( k )^ k )^_ 5 2 /o «__i^_ 



.Remark 

Given (ftp = W (J^J V'p we have formally that 

P =P _p _ p^? _ (^p.p-^p) _ fop.wp-ytftQ 
21 " ^pIF ^pIF 
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= TS? W*. p-W-isp (*p. » vwI^ESj (" < k > + M < k >) + » 2 IS 5^ 

Therefore Pi has to satisfy the equation 

p-Pi = 

where 0p is a ground state of the transformed hamiltonian W (^f) HpW^ (^)- 

I define n P = P mes - # J K 3 k - p (b (k) + (k)) rf 3 A; and by a substitution 

in the expressions (9) and (8) one arrives at 

.jy(a)ff P jyt(&) = 
-s (« 2 A" ^^-f^np-^'Dp+r (|k| - k • a) i,t (k) 6(k) lfk+ 

+costants 

The transformed hamiltonian corresponds to: 

H p = h (Hp - iJ ^ El ) 2 + /o°° (Ik| - k • 6t ( k ) 6 (k) d 3 £ + awfante (10) 

Now I distinguish the case P = from P 7^ in order to rigorously apply the itera- 
tive procedure to the transformed hamiltonians with an infrared cut-off <jj, written 
in a canonic form analogous to the expression (10). In the first case, the coherent 
representation is explicit, since P mes = by symmetry and then Pi = 0, while in 
the second case the procedure is more lengthy. 
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2.1 Case P = 0. 



I perform the coherent transformation (7) on the hamiltonian Hp = o :tTj with infrared 
cut-off <7j : 

r« b(k) 7 fct( k ) d 3 fc h(k)-ht( k ) d 3 fc 

e V p=o, e ^- 

. 2 

1 / pmes 



2m 



(pmes _ g ^ ( k ) + ft t d 3 k ^ + J | k | b f (k) 6 (k) d 3 A; + C (j + 1) 



where c (j + 1) = -g 2 jl+i ^d 3 fc. 



The domain of selfadjointness (s.a.) of the transformed hamiltonian H w j+1 coin- 
cides with D b {^H-p Q 2+i^)( see an analogous proof in [1]). 



Preliminaries 

From the results of the previous chapter and by unitarity I can conclude that the 
following properties hold Vj (these properties are assumed in lemma Al, Appendix 
A): 

3 + 1 

i) H w j+1 \f+. +1 nas ground eigenvalue -EpZo with the corresponding gap bigger than 



2 ' 



3 + 1 

ii) H w j+1 \ F + has ground eigenvalue EpJ^with the corresponding gap bigger than 



J+2 



Now, for the values of g allowed by lemma Al and on the basis of the results of the 

_ g r« h(k)-fct( k ) d 3 fc 

lemma, starting from 4> € = e |k| v/J ^^p =0 an d using an iteration analogous 

3+2 

to the one of chapter 1, I construct the vector e_2_ applying the spectral projector 

3 + 1 

to e_3 ~~ . We can point out that in the difference 
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3+2 3 + 1 



3 + 1 



2-Ki § H ™ j+1 -E(j+1) I (AH w )^j+2 Rw ^ _ E(j+1 



3 + 1 



~dE(j + l) 



3 + 1 

the terms that we cannot evaluate (in norm) with a power of the cut-off e~ with pos- 

3 + 1 

itive exponent are vectors for which for all the n factors in the difference (AH w ) e j+2 = 
= H w j+2 + c (j + 1) — c (j + 2) — H w j+1 only the "mixed" terms are present: 



a r e 

2m J 



3 + 1 

3+2 



(b (k) + &t (k)) d 3 k ■ n 3+1 + n 3+1 ■ 4 / 



3 + 1 



%/2|k|2 



(b (k) + 6t (k)) d 3 k. 



If there are these terms, the estimate of the following norm, given in lemma Al, 



IV' 



is only of order 1. 



me 3+2 



W 



3 + 1 



-E(j+1) 



We can have a more precise estimate of the norm of (jf 
first factor on the right of the product (11) 



3+2 



3 + 1 



<p e examining the 



H™ j+1 -E(j+1) 



(AH 



3 + 1 

~ 3 +2 



3 + 1 



H™ j+1 -E(j+1) 



and noting that, if for the mixed terms 



2m. L~>1 



r 



3 + 1 

i+2 



2m ^ \ H™ j+1 -E(j+1) 

the following inequality were true 



V2\k\i 



&(k) + 6t (k)) d 3 k-U i j+1 



H w j+1 -E(j+1) 



9 

2m 



E 



« H™ -E(j+1) 



r 



3 + 1 

3+2 



V2\v\i 



(b (k) + &t (k)) d 3 k • n\ +1 



< 



1 e" 



3+1 



2 ' 



3 + 1 



then we would have an estimate of order e s for 



3+2 



3 + 1 



the fact that, using the lemma Al, the norm of the sum of the quadratic terms (for a 



H w j+1 -E(j+1) 



. This is due to 



3 + 1 



proper g) can be bounded by L -^r- while the norm of the other factors of the product 
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is of order 1, in particular less than ^. Therefore we would have 

/ 2+1 
^n=l H^-EU+1) \ ~ ( AHW ) e !+Z -E(j+1) 

(«*)*E£.(8) (i)"-< 



< 



< 



J+T 



J+T 

^E^-E(j+1), 



H^-EQ+1) 



< 



3+2 



As it will be shown in corollary 2.4 (in the general case P G S), an estimate like 
i+1 i+l j+i ( i+l-i 

<p e — <p e < e s implies the convergence of the sequence <,(p e >. Therefore 

it is crucial to prove the following inequality: 



9 
2m 



9 

2m 



(#^i( ,> ( k » +6,(k) )' i3 *' n :^)(^ 



3 + 1 



\/2|k|2 



4 1 / 



< 



3 + 1 

< I . OI 

— 4 2 



Lemma 2.1 



The following inequalities hold: 



I) 



i 



3 + 1 



3 + 1 



^2|k|2 



3 + 1 



3 + 1 



3 + 1 ' 



3 + 1 



3+1 



3+1 



< 



30 



II) IT 



3 + 1 



3 + 1 ' 



1 



H«. +1 +\k\-E(j+l) 



3 + 1 



^V 1 + (t£ 



n\ +1 



3 + 1 



'H™ -E{j+1) 



< 



3 + 1 



Proof 

I define the wave functions Q (z) , ( n (z) of J e j+2 ^j^^ (k) d 3 kU l j+1 (/> e_2_ and iTj+i e 
in the spectral variable of H w j+1 — ReE (j + 1). Note that: 

2+1 i . 3 + 1 

- the operator H w j+1 —ReE (j + 1), applied to the vector j e 3 +2 -7=7776* (k) d?k IP j+1 (\f~^~ 

e~T~ V^|K| £ — 2- 

takes values bigger or equal to r^e 2 ^ - (= fe 2 ^ - _ M e ^~) because of lemma 1.2; 

- the operator iPJ+i — ReE (j + 1) takes values bigger or equal to 10 ~ 2 1 lv ^ • 
(= |e"^~ — ^e 2 ^ - ) if applied to the vector II* j+1 <f) e ^~ because of theorem 1.5 



I write the scalar products I) and II) using the spectral representation of the op- 
erator H w j+1 — ReE (j + 1) and getting rid of the remaining degrees of freedom. In 

the chosen spectral representation, the following inequalities are evident: 



J 



Cr,//(z) 



> 



> 



> 



z-Um(E(j+l)) 
r \Ci,,i(z)\ 2 



dz 



zki,ii(z)\ 



2+[/m(E(j+l))] 



-dz 



y z 2 + [/m(B{j + 1))] 2 y z 2 +[/m(B(j + 1))] 2 



dz 



I 



+ [Im(E(j + l))Y 



^ 2 + [/m(i30' + l))] 2 V z2 + l B + l)l 2 



|C £l £ £ (f)| 
z*+[Im(E(j+l))\* 

dz 



dz 



> 



V^L n + \EU+l)\ 2 



I 



I 



> 



v / z 2 + | k |2 +2 | k | 2 + [/m(£(i + 1)) ] 
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It follows that: 



in the case I), being z min > , , = Zmin 



> 



012 



J 



v/z 2 +[/m(E(j+l))] 



=dz 



<VTT2- I 



IC/(^)I 2 

z-iTm(£(j+l)) 



dz 



in the case II), being z min > 10 • e 2 ^, , = z "" ra w > 



^ io-iiv^ y 



v /^+|k| 2 +2|k| 2 +[/m(i?(i+l))] 2 

= Q(e)- / 



dz 



ICj/(^)I 2 



dz 



z-Um(E(j+l)y 



where Q( e ) = ^l+( T ^ 



.V 



Lemma 2.2 

Taking into account lemma 2.1, we have that: 



J^^(k)#t-ir 



, _ 1 



2+1 



< 2-Q(e)- v / Tl2- 
Proof 



"7+r 



E'~^~-E(j+1) 



2 + 1 



< 



) 2 + l 



2 + 1 



2 + 1 



2 + 1 



JT 1 

£ E ^~-£(i + l) 



i 

i 2 2+1 3 + 1 

ill 



2 + 1 



' ^2 + 1 " 



"ITT 



£ C_S_ -B(2+l) 



' J* e i+k -^& f (k) d 3 fcir 3+1 eT 

I V2|k|2 e -2- 



+ l ~g(2 + l) 

€ 2 



3 + 1 



2. 

— ?Hr&t (k) d 3 fcn% +1 £ 

\/2|k|2 £ T- 
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Starting from the expression H w j+1 = ^Il 2 J+1 + / |k| (k) b (k) d 3 k + c (j + 1), for 

3+1 

k : |k| < e~ , the following identity holds in distributional sense 

/ 

fet (k) = &t (k) 



/ 



fet(k) 



\ 



aj^IIj+i+kj +/|k|6t(k)6(k)+|k|+c(j+l)-B(j+l) J 

\ 

1 



^ n 2 j+1 +2k-n .m +k 2 ) +/ |k|6t(k)6(k)+|k|+c(j+l)-E(j+l) 



And also, for the assumptions made on m, e and 



i+2 



3 + 1 



3 + 1 



— E(j + 1) 



, and since 



e 2 < |k| < e 2 ? the following bound holds in the subspace F j+2 



H w i+1 +|k|-E(j+l) 



f-k • n ^ 



2m) \ W. +1 +\k\-E(j+l) 



< 



F + 

r 3+2 



which well defines the series expansion 
/ 

fet(k) 



= &t ( k ) ^ [h*^ +|k|-E(j+l) 

from which 



h n2 3+i + 2k ' n 3+i +k 2 +/|k|6t(k)6(k)+|k|-B(7+l) 



+ 2m7 +|k|-E(i+l) 



6 2 
3 + 1 



— ^-6+ (k) d^rr^ 



3 + 1 



k|-E(j + l) 
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I prove that the module of the n th term of the series can be reduced to the one 
of the first term, so that the whole sum is of the same order of the term at n — 0. 



Exploiting the Schwartz inequality and the identity 



H™ +|k|-E(i+l) 



\-E(] + l) 



W*— 1 +|k|-i30+l) 



H^+\k-E(j + l)j (-) (^ k ' n £ ^i ^ff^+|k|-B(j + l)j I \ H^ + 1 + |k|-.E(j + l) 

we have that 



f. 



2|kp 



+|k|-SU+l) 



(-) (^k.n^+^) 



iii + 2m I I fl"™, + |k|-£(j + l) 



< 



2|k| J 



n 



1 ^ 



+|k|-BC7+l) I " e i+l 



2m y J H» +1 +|k|-EO'+l) 



(remember that 



-1 1 




3 + 1 













H™ +1 +\k\-E(j+l) I n *i+i^ 



3 + 1 



Therefore, thanks to the series expansion and to the lemma 2.1, the module of the 
scalar product (12) is bounded by 



H™ j+1 +|k|-E(j+l) I ^i+i^ 



3 + 1 



(I)" * 



2+1 .2 

- 2 -C^ w • 



n 



j+i 



l At 



H™ +1 +|k|-E(j+l) ] LL f i$k 



2+1 2 



rr 



H w i+1 -E(j+1) L \i+± 



d 3 k 
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Theorem 2.3 



2 + 1 

g_ re~^~ k 



fet (k) d 3 £; • n j+ i e 



2 + 1 



2+T 

,S e-2 "-B(j+l)> 



2+1 



< 



Proof 

Due to the results of the lemma 2.2 the inequality (13) is true if the following esti- 
mate holds: 



2ViT2-0(e) 

<(m 2 



— ?n 

E'^~-E(j + l) / 



2 4± ,2 

g , f e +T fc' ^ 3 1. 



< 



For this purpose I prove by induction that 



91 
Am 2 



it 



3+1 



3+1 1 



IT 



3+1 



HW j+ i -E(j+i) LL e 41 



< 



11 



^TT2-Q(e)407r ' ( 4 + 2 4) 2 -ei 



I note that the inequality (14) implies the thesis of the theorem and therefore, as 

3+2 3+1 



discussed in pag.29, also the bound 



/ 2±1 



In order to prove the inequality (14) I start analyzing 



3 + 1 



3 + 1 



3 + 1 



- [ n * 2+1 0* , I H ^ +H w. _ E {j)+E(j)-E(j+l) ] n * 2+i ^ 



In lemma Al I defined (AH$) e j+ i = H w j+1 + c P (j) - c P (j + 1) - H w s , that 



for P = becomes (AH w ) ei ]+ i = H w j+1 + c (j) - c (j + 1) - H 



w 

3 ' 

C 2 
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3 3 

Now I define A {H w ) e ]^_ = AH™;?, - c (j) +c(j + l)+E (j) — E (j + 1) and I 
observe that choosing a proper value ~gi for g, the following inequalities hold for all 



-E(j) 



< 



3 + 1 



H(- C (j) + c(j + i))Ut4 



< 



^ i+i 



fl^- -SO') 



B 0) 



< 



Observations 



The first inequality is the content of lemma Al. The second is true as c(j + 1) + 
—c(j) = —2irg 2 t2 (1 — y/e). Concerning the third inequality we arrive at the given 



estimate by re-conducting \E (j) — E {j + 1)| to 
alized lemma 1.3, for g sufficiently small and uni 



3 + 1 1 

E e ^~ - E el 
brm in j . 



and using the gener- 



In conclusion: 



H™ -E(j) 



j 

3 + 1 



H™ -E(j) 

E 2 



< 



F+ 

P 3 + 1 



It is therefore possible to expand in series the expression (15) 



nw e4 \i 



H™ -E(j) 
£ 3 



E 



>e3 



n=0 



-) A (H W Y j + l 



H j -E(j) 
> £ 2 



n i , +1 # 



3 + 1 
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— J2n=0 



in t 

2 



H W j -E(j) 



n 



2 + 1 



£ 3 



(-)A(^r^ u 



2 

<:2 



H™ i -E(j) 

el 



2 + 1 



so that we obtain the bound 



IT , + i . 



2 + 1 



H W J+1 -EQ+1) 



2 + 1 



< 2 



IT 



2 + 1 



2 + 1 ' 



H™ -E(j) 
el 



rr 



2 + 1 



3 + 1 1 



(16) 



Proof by induction of the inequality (14) 



For j = 1,2, 3,..., 7 and g sufficiently small (that I can always assume as bigger 
or equal to g 1 , redefining g ± ), the bound (14) is valid. If one assumes that it holds 
for j = 1, j - l,j e g = g = mm(g 1: g 2 , 1) where 



-j _ 2m? 
!J2 — w ' 



11 



/Tl2-Q(e) 40ttS (2 4.44)2. e | 



and 



W = 2 



2m v / 2^ • (e^Vi) + 2m ((e^\/i) + 



li 



al2-407r (24-4 4 ) z 



+ |2m (e4V20) 2 + ((ri^) + 2 v / 40^) 2 + 2 • v 7 ^ • (e _ 3-\/20) ((e"^) +2 V / 40^)| 

. 5 = £~ (2Q (6) • ei)" + gd . ( 2 Q ( C ) e ^) 6 
then the bound (14) holds for j + 1, where j > 7. 



The starting point of the procedure is the inequality (16). Adding and subtract- 

2 

ing IT% (j) e ^ on the left and on the right of the scalar product, I bound the new terms 

el 

that I get, using elementary properties of the scalar product: 
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/ 3 + 1 


i 




H™ -E(j) 
E 2 



11 3 + 1 



3 + 1 



< 2 

+4 

+2 



e -2- e 2 



e 2 



< 



1 








e 2 





+ 



e2 







1 






E 2 





+ 



Observation 



The above expression displays the inductive procedure to arrive at the thesis of the 
theorem, as the quantity (19) has the same form of the (15), up to a factor 2 • Q (e), 



3 3 + 1 

where the cut-off is instead of e~ . 



In the bound of the expressions (17) and (18) I will use: 



1)11 



3+1 3+1 

e3 t^T- v^lql^ 



3 + 1 1 



2) 



d :i q 



MV2M 



H™ -E(j) 
£ 2 



< v / 40vr • ei 



3 + 1 



3 + 1 



(analogous to the (al) of the lemma Al ( Appendix A)); 
3) 







1 

2 




1 






H w j -E(j) 











F+ 

P 3 + 1 



Sbis) 
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< v^Fe5 (e _ *"\/20) . e -i + v/407T • e 4 < ((ri^) + v 7 !^) • 



from which 



h ■» 



nt 



rlik* (6(k) + 6t (k)) 



d 3 g 



|k|V2|k| 



< 



((e^V2(k) + 2 v / 40tt) 



^ 2+1 



^) for the inductive hypothesis we have that: 

2 



i) 



g 2 
4m 2 



3 m« A,^ 



d 6 m 



f2 



<a!W(e) 



n 



n 



(5 



< 



< 



li 



/ 112-40tt 



(24-4 4 ) 2 -e3 



2 + 1 2 



ii) 

< \J2m ■ et 



< e« = cr.Li from which 



3+1 j 
e3 e 3 



< V 7 ^" ( 



(for the initial assumptions ( E e ^ — c(j) ) < 1) 



Bound of (17) 



2 + 1 



n\ +1 e 2 -n%<^, 



e2 



e2 



rr 



3 + 1 



2 + 1 

^ -n\ < 

e3 



3 



< 
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n 



2 + 1 2 



e 2 



+ 



+2 



5f/+i -^r 



2+1 



2 + 1 



n 



l 2^ 



+ 



(&(k) + &t (k)) d 3 k^, 



H™ -E(j) 
e 2 



2 



/ i+i -r— i 



(b (k) + &t (k)) <Pk4>' 



2 + 1 



e 2 



i - i/2|k|2 

2+1 



(b (k) + &t (k)) d 3 k<p 



2 + 1 



it 



-n 



i 2^ 3 



+ 



The (17) is therefore bounded by 

2 |2m- (e-3V20) 2 + ((e-*\/207r) + 2V40~^) 2 + 2- ( e -i\/2o) ■ ((e"J\/20^) + 2-v/40tt) | • 



j+i 2 



e 2 



n 



2 

/>e2 



2 v 



< 



+ 



2+1 2 
e 2 



e2 



£ 3 



n 



< 



+ 



gf% k 



(& (k) + &* (k)) d 3 k(P e ^, 



H™ -E(j) 
E 3 



e3 



(18.1) 
(18.2) 



I examine the two terms on the right side: 
18.1) 



2+1 



e2 



6^ 



n 



e2 



rr 



2+1 



H w i -E(j) 
e 2 



El 



< 



40 



< 





1 


1 

2 




1 


1 
2 




£ 2" 






e 2 



18.2) 
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/TT2.407T (24.44)2.^1 



1 








e 2" 





< 



< 



< 



gf'lpk' (6(k) + 6t (k)) 



d 3 k 



|k|V2|k| 



3 + 1 



e2 



< 



11 _ 1 

112-407T ' (24.44)2.^ 



< 



T i 



# • ((6-3^20) + 2 v / 40^) • et • ^ 
< 2m ■ (( e -iv^0) + 2^) • (24 . 44) 
We conclude that (18) is bounded by 

4 |[2sV2^- (e-^v/20) +2m((e-3 v / 20) +2 v / 40^)] • y^g 



40tt (24-4 4 ) 2 



_ 2 

• e 4 



From the previous estimates we have that for g — g (g < 1), fixed from the be- 

2 

ginning of the theorem, the sum of (17) and (18) times is less than 

2|2m(e-i v / 20) 2 + ((e^v^) + 2 v / 40^) 2 + 2 • v 7 ^ • (e^Vi) • ((e^v^) + 2 v / lhF 

f v^- (e"* V20) + 2m (( c -iv^0) + 2V40^)] • ^=E= ■ =^ 



4m 2 



+4 



{ 



e-4 < 



< -2_ 

- 2m 2 



+2 



2m v / 2m"- (e"i-\/20) +2m((r4 V / 20) +2^40^) 



/TT2-407r (24-4 4 ) 2 



•e-4 < 



< 



li 



40tt5 ' y/TV2-Q(t) ' (24.4 4 ) 2 . e iO+ 1 ) ' 



j+i 



At this point the procedure has to be repeated nearly up to the cut-off e s , precisely 



[?+i]+i 

the cut-off e 2 where ^y- = ^y- e 



j + 1 =integer part of j + 1: 
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Am 2 



, i_ g 2 . o 

ITTZri ~ Am 2 * 



3 + 1 



< 



< 11 . 1 . 

— 40tt5 v^III-QCe) (24.44) 2 . e iO+ 1 ) ^ 4 ™ 2 



/ 2 + 1 


( H rr E(j) ) 


3 + 1 \ 













< 



e3 



3 + 1 



I fit" 

e 2 



e3 



2 + 1 



< 



<- _J^L 1 1 I g 2 o2(0 / 

- 407r5'v^T2.Q( e )' (24 . 44) 2.^(3+l)^4m 2 ' Z ^ fc 



e2 



3 + 1 



e3 



3 + 1 



< 



( 3j+3 \ 
l+(2Q(e). e i) + + (2Q(e). £ J) * J 

+i-f^(2«w)^'- 



< _11 J 

— 40tt5 x/m-QCe) (24-44) 2 



+ 



the formula above can be explained with: 

• j-\3+A <j + i-3-i = ®F- 



being Q (e) > 1 



32+3 



(2Q(e))^>(2Q(e)> 



;-[?+i] 



3 + 1 

' — £ 



+1 



+1 



e T 



1 



then 

-2 

4m 2 



IT 



3 + 1 



3 + 1 ' 



IP 



3 + 1 



' I Hw j+ i ) 



< 



< 



11 



— 40ttS ' y/U2.Q{e) ' (24.44) 2 . e l 0+ 1 ) 



(l + (2« (,).<!)' + + (2Q (e).a) J -P +1 l) + 



+4&'T?'^I7( 2 OW^) " £ 



, 3j+3 
3_\ T~ 



< 



< 



[7+i] 



11 



- 40tt vll2.Q(e) (2 4 .4 4 ) 2 - e 3 



177 



(3 + 1) 
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Notes 

• by hypothesis, < g < • , • 777^ • 1 - 1 and q < 1, therefore we 

J ' ^ — VV V112-Q(e) 40ttS (24.44) 2 . e t ~~ ' 

have that ^- ■ ^il < ^1 • 1 . -2L_ . 1 
nave tnat 4m2 n ^ n ^ v ^ I 2. Q(e) 407rS (24 .44) 2 

3j+3 



note that \ 2Q (e) e^j 4 < (2Q (e) ei^) 6 Vj > 7 , as 
0<e< (i) 16 , KQ(e) <2 2Q (e) • < 1 

by definition S = £^ =0 (2Q (e) • e*)" + ff • (2Q (e) 



2.2 Case P ^ 0. 

I repeat on the hamiltonian Hp a the same operations made for the canonic form 
(10) of the transformed hamiltonian Hp. Unlike the case without infrared cut-off, 
the transformation of Hp a is implemented by the unitary operator 



/■D \ r« b(k)-bt ( k) d 3 fc 



where Pi = P — P mes = mVE a (P). The last inequality follows from the perturba- 
tion of the isolated eigenvalue E P of Hp | F +(see [2]) . 



Pi verifies the equation: 



P-Pi 



as 0p is the ground state of the transformed hamiltonian W a (j^J Hp a Wl 



Transformed hamiltonian. 
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I will write Hp a , P = Pi + P 2 , as 

tfp„ = (Pl+P L PmCS)2 +9i: (6(k) + 6t ( k) ) + W 



= i ^+^- P ^+r(iki-k.^)6t( k) 6(k)^ + 

+ L K f Ikl - k • ( fet (k) + 3 f - = - ) f 6 (k) + 3 / - = : I rf 3 A; 

+ (|k| - k • bt (k ) (k) <f»fc _ ^ j; ^^y ^fc 



and I will perform the coherent transformation: 



W„ (Ei) /Tp^Wj (&) = 

= (p~ - » /; ^,4(U&) ( 6 (k) + * (k) ) d3k + 92 * s^w") 
- * ( pm " - 9 * ^4-t%) ( 6 (k) + ** «) + 92 « if(% ft ) + 

+ C (|k| - k ■ it ( k ) 6 (k) #* - 9 2 /; ^J^cft 



Considerations 



Having defined n P)ff = P mes - g f« ^£^$- d 3 k it follows that 



v^|k|t 



By substitution we obtain 

ff p,„ = (£) ffp^J (£) = 
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+ /o°° (W - k • 6t ( k ) 6 ( k ) # k - /; ^^zry^ = 

+ /o°°(|k|-k-y fet ( k ) 6 ( k) rf3fe _ g 2 f: 2|k|2(i 1 _ t p, ) rf 3 fc + £ = 

^ (V, CT - ^ • (</> P , np,^)) + / °° (|k| - k • V£ CT (P)) &t (k) & (k) d 3 ^+ 



2m 



ll*S 



+ 2m U 2|k|3 



~ (ij^-(^ n p^))-(^/; 



2|k| 3 (l-k.^l) 
2 



= h ~ |j^]jT • (0 P , n P > P )) (|k| - k • (P)) &t (k) 6 (k) rf 3 fc+cp (a) 



where 
c P (a) 



2m P 



2 l k | 3 (l- k -^) 



d 3 k) — (—^. {<;/'. U 



2m 



+ 



p2 

2m 



1 

2m 



2|k| 3 (l-k-±lij / \ Ik" 



y J<r 2 |k| 2 (l-k.^l) 



+ ^ = - J- [P - m V£" (P)] 2 - g 2 P 2 , U ,d 3 fc + f- 

2m 2m L \ yj » j CT 2|k| (1 — k-V-E") 2m 

From lemma A2 (point 1), |c P (<r)| will be bounded uniformly in a and \VE a (P)| < 1. 



Now, given the infrared cut-off and e^a , I perform the unitary transformations 
i) # pe i+i -> W^i+i (V£ e4i (P)) ff^W^ (V£ e4i (P)) 
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ii) H p ^ -> W g i+2 (V£ e4i (P)) i/ p (V£ e4i (P)) 

Note that the two transformations are different in the cut-off but not 
in the coherent factor. 

Note 

In order to compress the formulas, from now on I will use the following 



1 j + l — 11 3 + 1 



3+1 



We define: 



H l i+i = W £ i+i (v^ e4i (P)) ffwl^W (VE^ (P)) = 

= ^ ( r F^) 2 + /o °° ( |k| " k ' (P) ) bj (k) 6 (k) d ' k + CP (j ' + 1} 



2 + 1 



H w 3+2 =W j+2 ( V£ e 2 (P) ) H j+ 2W\ +2 ( V£ e 2 (P 



P,6" 



2 + 1 



7 Z £f~L x- 

' I l-k VB £ 2 (P) ) 

+ / °° ( |k| - k ■ X7E^ (P) ) fet ( k ) b (k) d 3 fc + c P (j + 2) 
where 



-^r v (6 (k) + 6 f (k)) d z k + g 2 ftt 



2|k| 3 |l-k.Vi' 2 (P)^ 



cp (j + 2) 



l 

' 2m 



- \ v , H„ _2+i <Pf^~ ) + g 2 Jl±i 



+2 

e 2 



2|k| 2 |l-k-V£ eiT " (P)^ 



P,e" 



' 2 2|k| 3 ^l-k-V£c'T _ (p)^ 



r d 3 k 



+ 
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By construction, the following equality holds 



;+2 



(VE^ (P)) f V^ e4i fP 



i+2 ^ 



3+2 



= w" e 2+2 (v£ e42 (p)) (v£ e4i (p)) 2+2^42 (v£ e4i (p)) (W 

(the hamiltonians if 3+1 ,+i and if w ,+i are s.a. on the same domain and 
the formal equalities are well defined from an operatorial point of view). 

Definitions 

% e i+i = ^i+l (v£ e * (P)) (VE^ (P)^j j^VF 41 (P)^ (vE^ (P)^ 



3+1 



|k| 3 1-k-VBJ 



|k| J 1-k-VE 



P,e~ 



3+1 



= IT 



3+1 



P,e" 



3 + 1 



3 + 1 



Theorem 2.3bis 



Convergence of the sequence of the ground states H w j+1 . 

In order to arrive to a convergent sequence of ground eigenvectors, one starts from 
the cut-off e and from the (normalized) vector W e {VE e (P)) -0f> and proceeds with 
the same iteration, on the basis of the results of lemma Al. Comparing the hamilto- 

. . ^ 3+2 3+1 

nians H w j+1 and H w j+2 we can build (p^~ in terms of <fi^~ and finally we define 

P,<e-2- P,e^~ 

3+2 / 3 + 2 \ / 3 + 1 \ _ 3 + 2 

= W3+2 [VE^ (P)J Ne^ (P)J . 

e 3 + 1 

Like in the case P = 0, in order to prove the convergence of the vectors 0p^~, 
one needs a more refined estimate of the contribution, to the difference between the 

3+1 ^ 3+2 

generic vectors ^fT 3 " and 4 > ^ T ' , given by the mixed terms containing the P j+1 . For 
this purpose the procedure to follow is slightly more elaborated than in the case 



47 



where P = 0, because it is necessary to compare the following vectors one after the 
other: 



j ^ 3 + 1 3+1 ^ 3+2 3+2 

<f>p -> -> 0p"^~ -> 0p"^~ -> <p e p^ ■ 

I apply a proper adaptation of the lemmas 2.1 e 2.2. to estimate the contribu- 

3 + 1 _ 3 + 2 

tion to the norm of 4>^~ — (fip~^~ given by the examined mixed terms. Apart from 
numeric differences, even in this case the improvement of the estimate consists in the 

3 + 1 

bound of an expression like (14) of theorem 2.3 with a quantity of the order e~~ 
(that means multiplicative constants that are uniform in j): 



Am? 



3 + 1 

P,e~2- 



\ 



, H w 



3 + 



3 + 1 



J 



3+1 Y~P 



where E {j + 1) is s.t. 
Note 



E(j + 1)-E% 



3 + 1 



11 ttl 
— f 2 
20 C 



In the adaptation to the examined case of the derivation of the (13) from the (14), take care 
of lemma Al and of the following difference: 



c P (j + 2) - c P (j + 1) = -g 2 fj+2 



7 — ~ in 

2|k| 2 1-k-VB'" 5 " (P) 



d 3 k 



The bound for the module of the above scalar product is the result of an induc- 
tive procedure like the one where P = 0; it is for this reason that I will not repeat 
the entire proof but I will point out the key ingredients without further details. 

I apply to both the factors of the scalar product the unitary operator 

W e i+i (vE ei (P)) W\_^ (V£ e4i (P)) 
(such an operation is not required if P = 0) and I obtain 
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as in theorem 2.3 I go on with the following bound (from above) 
p , +1 S^, [ ~- 5—— | P 



~ Z+i 

j + 1 <Pp 



< 2 



< 2 



' I 1 V^P 9 



3 + 1 



3 + 1 f P 



+2 



2 + 1 



2 + 1 YP 



r* 20 P ', 

P,€? 



p, e 2 
P,e^ 



r 1 

P,e? 



P,e* 



< 



- 2+i 

' -i V^P 



< 



H w 3 -E(j) 
P, e 3 



2 + 1 



P , + 1 0p 2 -P ,0f>' 



1 



if- -E(j) 



P,E? 



P,6" 



r i ,0|? 

P,e2 



P,e2 



+ 



P,e^ 



2 
C2 



P,e3 



+ 



The proof goes on as in theorem 2.3 taking into account the following information 
1) 

|k| 3 l l-k-VEf^ J 

2 + 1 ^ ^ 2 + 1 \ / 2 2 \ 

(0 P -,n; e4i 0^j - (0^11^01? J = 
n* ,0^,0^-01? + it 3 01? 



~ 2 + 1 \ ^ 2 + 1 2 \ 

-0p"^j,0p"^-0|?J + 
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-q-VE 



3 

P,e3 



1+1 



3) inductive hypothesis for evaluating: 

2 

j 

of order e~* 



2 

4m 2 





l 

2 


1 


el 




p, e 2 





it 



j 



of order e» = af_ u which implies 



3 + 1 



iVp 



rr 



P,e^ 



.7 

J VP 



< v 7 ^ ( £f? - c P (j) 



3+1 



then of order 



es (the uniformity in j of the bound of ( Ep — cp (j) ) follows from lemma A2) 



3 + 1 



VE\ 



< C (g) e» (see lemma A2) 



As for the estimate of 



0: 



3+2 



i+2 



^p : 



3 + 1 



3 + 2 



l? £ i+? [VE^ (V))W ] m [VE^ (P) 



3+2 



3+2 



3 + 1 



3+2 



note that the difference between V-Ef 
order e~8~. This allows to neutralize the logarithmic divergence in e~ which arises 



and V-Ep is bounded by a quantity of 
Dgarithmic divergence in e' 

from the Weyl operators W 3+2 (v£ e ^~ (P)) W\^_ (v E e ^~ (P)). 
In conclusion, tuning g uniformly in j as we saw in theorem 2.3, it is possible 



to bound the norm difference between 

,2+1 2+2. j+i 

between 0p and 0p with e w . 



3+1 



and 



3+2 



3+1 



with e s and the difference 
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Observation 

j + 2 

The logarithmic divergence in e 2 related to the Weyl operators includes the one that follows 
from the first approximation of: 



Ik 



&(k)W^ [VE^ (P)j^ Pe i+2 



d 3 k 



being b (k) ib 



P,fT ^/2|k| 

(see also lemma B2 in Appendix B). 
Corollary 2.4 



The sequence 



3+2 



ib 3+2 (see [21) and 

P,e~2- v J/ 



^ 3+2 

P,e~2- 



< 1. 



(0p normalized vector) converges to a non-vanishing vec- 



tor when the value of the coupling constant is less or equal to the g determined by 

1+2 3+1 

theorems 2.3 and 2.3bis, therefore such as that 



. 1+1 

< e i6 . 



Proof 



This is a Cauchy sequence because V/, j I > j 



0: 



3 + 1 



< 



i + 1 



P + 



3+2 
^ + 



3+2 



3+1 



< 



. _l ^ 3+1 , 3+1 

< e is + e is + + e 16 < e w 



1-eTS 



The limit does not vanish since the following inequality holds, uniformly in j: 

> ||*|| - {A + A + .... + A) > 1 - (^) > ^£ > |. 



51 



3 Spectral regularity. 



In this paragraph I will define a normalized vector P , that is the ground state of 
Hp a \f + ( a — e )• It has a regularity property in P required for the construc- 
tion of the scattering states in the next chapter (in particular I will use the vectors 
Wt(V£F(P))#). 

We arrive at the vector P through an intermediate (not normalized) vector (p F from 
which it differs only for a phase term, apart from the normalization. The choice of 
the right phase is aimed at two results: 

- the norm convergence of the vector (p P , for a — > 0, to a vector (ftp; 

- the acquisition of the following Hoelder property, with respect to P: 

< C|AP|^ 

where C is a uniform constant in P, P + AP G £ (AP < (^) ) and in < a < e 



0P+AP — 0P 



Definition of <p P 



Initial conditions 



We start from the initial infrared cut-off {e' : e > e' > ey^} and from a coupling 
constant g such that, uniformly in e' and in P G E, it is possible to perform the 
iterative procedure with the properties already shown when the starting cut-off is e, 
in particular the validity of the theorem 2.3bis. It is also required that for the chosen 



value g we have Ve' and VP G E ((ftp, tpoj > 1 — r (g) where r 



< ^ 

3 ' 



Procedure 

I perform the iteration shown in the previous chapter for each e' . Given a a ranging 
between e^and we can always write it as e' 2 ^ - where e' = e' (a) = . I define 

j+2 

(pp = 0p V 
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Definition of (ftp. 

To go on with the definition I use the thesis of lemma 3.1 that will be later proved: 
P,^ W0 \0 < a < e, VP G S. 



Since </> P is ground state of Hp | F +with a gap bigger than | and because of previous 
result, I realize that the normalized vector 



1 



.J- 1 - - 

2m J H™ a -E 



dE tp 



(where E e C and s.t. \E - E°\ = § ) 
is the ground state of Hp c \ F +. 

Lemma 3.1 

(^,Vo)^0 V ff < e ,VPeS 

Proof 

Knowing that: 



,2+2 



X- S 3 



1-e T5 



(corollary 2.4) 



V*>) = (0 P - 0p M + 0p M ^o) = Op - 0p M ^o) + (0p (<t) ,^o) 
for the hypothesis in the definition of 0f> , (0p, V'o) > 1 — r (<?) where r (5) < 



we have that 



Op , v*>) I > 1 1 (0p (CT) , v*>) | - 1 (0 P - 4 {a) , v*>) 



> 1 - r 



-5>° 
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Theorem 3.2 



For P 6 E, the limits s — lim CT ^o 0p = 0p and lim^o Ep = Ep exist. 
Proof 



I will write again P 2 — 0p in the following way 



1+2 1+2 



m+2 m+2 



Now, given an arbitrarily small 8, there exist 1(8) ,m (8) sufficiently large and a 
phase e tr '^ in which 



m + 2 1 + 2 



< 5. 



This is possible essentially because of the convergence established in theorems 2.3 and 
2.3bis and because, by construction, the ground state is unique until there is a cut-off. 



Therefore 



0: 



0"2 



can be bounded with a quantity of order cr| + a* + 5. 



moreover 



< 



< 
< 



0P 1 (^0) - e*> P 2 (<^ )| + ||0p 2 (e-^W) - P 2 (0 P 2 ,^o) 



ip 1 - e ij? P 2 



> P 2 



HV'ol 



e -iT,^l _ 0^2 



It follows that </> P = 



order as . 



= _p 



converges strongly to a vector 0p, with an error of 



The convergence of Ep follows from the estimates of the generalized version of lemma 
1.3 and from the fact that the hamiltonian Hp is bounded from below. 
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Lemma 3.3 



For P and P + AP belonging to S = {P : |P| < \fm) and m sufficiently large 
the following Hoelder estimate on the energy gradient holds: 



\VE a (P) - VE a (P + AP)| < C |AP| « 
where the constant C is uniform in < a < e , in P, P+AP G £ where | AP| < (j^ 
Proof 



The idea is to perturb, in P, the V£ |AP|3 (P) 
i 

V'p iP ' 3 is the normalized ground state of if , ,i . 

rp 6 p,|AP|? 

For this purpose I expand the resolvent 



1>. 



|AP|3 p_pmes ,|AP|3 
> m ^P 



where 



^P+AP.IAPI* ^ + i E 

AP|3 



E e C and s.t. 



E — E 



|AP|3 



^r^-), on the basis of the following informa- 



tion: 



. H i -H i = P r 

P+AP,|AP|? P,|AP|* m 



+ AP . p , |AP| 2 , 

™ 2m ' 



• if p |Ap| i \f+ nas unique ground state -0|f P '^ of energy .sjf' 1 '^ and corre- 

i 

sponding gap bounded from below by JA^il ( theorem 1.5 in the continuum 

case); 



• the norm |AP l | 8 



^ pi pmes^ ^ 



/2m 



H il F+ —E 

P,|AP|2 t 1 
|AP|3 



Therefore, for a sufficiently large m we have that 



is uniformly bounded in | AP| 
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>i-E~ =1 (^i)">l 



P+AP,|AP| 4" 

4 

for the constraint |AP| < (|) 3 
it follows that: 



§ h ~ — T=E dE is ground state of H ] 

P+AP,|AP|3 



P+AP,|AP|3 ' 



2ivi § ' 



P+AP,|AP| 4~ 



,„ ,|AP|3 



~ 2m § H 



,„ ,|AP|4" 



< CI API ^ 



P+AP,|AP|1" 

where C is a constant uniform in P G £ , P + AP G S where AP G 



{AP: |AP|<(I) 5 }. 



Since: 



i) vei ap i' (p + AP)-v£i Ap i 4 (p) = f^+ p / , p+Ap m - pmes vpyii ^ / ■ ap T pp ■ ■ ap 



2)H , |1+ 27r^- (pme ;- p)2 >0 

y P,|AP|3 y 2m - 



we can conclude that 



< C" I API * 



(20) 



where C" is constant uniform in P 6 S , P+AP G £ where AP G |AP : | AP| < (§) 3 
and of order -4=. 



If a < | AP* | 4 , in order to obtain the thesis of the lemma, I take advantage of the 
result of theorem 2.3bis together with lemma A2 in Appendix A: 
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V £|AP|? (p) _ (P) 



< ClAPlwfor PeE. 



If a > | AP | 4 an estimate analogous to (20) holds. 



Theorem 3.4 

Under the hypotheses of lemma 3.3, the norm difference between </> P and </> p+ ap is 
Hoelder with coefficient ^ and multiplicative constant that is uniform in < a < e, 

in P, P + AP G £ where | AP| < (j) 4 . 



Proof 



Preliminary definitions 
/ 

w _ 1 

p,|AP|i 2m 



gJ K 



1 7 J 

|AP| ^ x/2>|f (l-k-V£l AP l 3 (P) 

+ / (|k| -k- V£l Ap l^ (P)) &t(k)6(k) d 3 k + c F (|AP|*) 



V 



(&(k) + &t (k))d 3 A; 



1 

P+AP,|AP|3 2m 



pmes rie i 

• 7 J I A Dl T 



V 



|AP|3 N/2|k|§ (\-k-V£l Ap ^ (P+AP) 

+ / (jk| -k- V£l Ap l 4 (P + AP)) 6t (k)6(k) rf 3 A; + c P+AP (|AP|*) 



(&(k) + &t (k)) d 3 A; 



+ 



H w 1 - H w ! = cp+ap 

P+AP,|AP|3 P,|AP|3 



(|AP|*) -c P (|AP|*) + 
+ / ( -k • V£l Ap l 3 (P + AP) + k • V£l Ap l' (P)) (k) 6 (k) d 3 k+ 



~2m I ^p^|AP|3 + ^|AP|t 



— in 

2m I P,|AP|3 



V2|k|t ^l-k-V£l Ap l* (P)^ ' V2|k|t ^l-k-VSl Ap l * (P+AP)j 



(fo + &+)d 3 fc + 
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= c p+ ap(|AP|^) -cp(|AP|*) + 

+ / (k • (v£l Ap l* (P) - V£l Ap l* (P + AP))) (k) b (k) d 3 k+ 



+ 



2m 



k ( V£l Ap l 3 (P)-V£l Ap l 3 (P+AP) 



|AP|3 



(b (k) + b (k) f ) d 3 k 



+ 



/ 



2m P 5 |AP|^ 



>/2|k|2 ^l-k-V£l Ap l 3 (P+AP)J ^l-k-VEl Ap l 3 (P) 
( k ( VEl Ap l'(P)-VSl Ap l'(P+AP) j \ 

9Sr^i 7^ 1 \~7 ; J ~^^ +6(k) f ) ^ 



V 



/ 



+ 



' AP '' >/2|k|2 ^l-k-VSl Ap l' (P+AP) j ^l-k-V£l Ap l' (P) j 
k( VEl Ap l'(P)-VEl Ap l'(P+AP) ) 



/ 



' AP ' 3 \/2|k|i ^l-k-VBl AP l'(P+AP)^ ^l-k-VSl Ap l'(P)^ 



(&(k) + 6(k) f ) d 3 A; 



— n 

2m P,|AP|i 



Considering that: 



the estimate (20) in lemma 3.3 holds: 
V £|AP|? (p) _ V£ ;|AP|i (p + A p) < c „ | AP ||. 



the operator p + Ap .i Ap i g p.iapii j g f orm _ Doun( j e( j w ith respect to H w i 

|AP|3 P,|AP|3 



the gap of i^p 115 '^ (that is the ground eigenvalue of H 
i 

from below by l AP l* (generalized version of theorem 1.5); 



1 p+ 
P,|AP|3 1 



) is bounded 



for the Kato's theorem on the analytic perturbation, the vector 



2-rri f ' 



1 2ni J H w l -E 
JAP|3 _ P+AP,|AP|3 

"P AP = ~ 



dE Vo 



2-rri § ' 



P+AP,|AP|3 



-dE ipo 



( E e C and s.t. 



|AP| 4 

P+AP 



_ |AP[* 

— 4 
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can be obtained, for m sufficiently large, perturbing 0^ P ' 3 . 
From the perturbation we have the estimate: 



/JAP|3 
; P+AP 



6 JAP|* 



< C" I API 4 



(20.1) 



where the constant C" is uniform in P, P + AP G S where] AP| < (j^J . 

i 

In conclusion, for a < |AP| 4 , using a generalized version of corollary 2.4 for a 
in the continuum, we have that: 



< 



P+AP 



^P+AP 



'P+AP 

i 



,|AP|3 ,|AP|* 
; P+AP + VP+AP 



^AP|, + ^AP|, 



< 



JAP|3 
T+AP 



+ 



t|AP|* 
; P+AP 



+ 



^AP|, 



< 



< (API 55 + |AP|^ + C" | APj 5 

1 

If <t > I AP | 4 an estimate analogous to (20.1) holds. 
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Part II 

Scattering theory. 

The infrared features of the model produce some difficulties in understanding the 
scattering: 

- the arbitrarily large number of mesons involved in the scattering makes the expla- 
nation of the asymptotic decoupling difficult. In particular a problem of consistency 
arises between the total emission of an infinite number of massless particles (mesons) 
and a "free" asymptotic dynamics for the nucleon. In other words we can say that a 
definition of "free" dynamics for the infra-particle (the nucleon) is required; 

- the L.S.Z. Weyl meson operators (see below) do not converge on generic vectors of 
the Hilbert space 

e im e -iH^-t e i{a^a\^) e i H ^n e -im <p( y )=J e -*y (k) d 3 k e S (R 3 ) 
at least if one uses the same technique of the proof in [2]. 

Due to the absence of one particle states, from a conceptual point of view it is 
not possible to use the Haag and Ruelle theory for the construction of scattering 
states. Nevertheless, the decoupling mechanism in the H. and R. theory can be 
reproduced in terms of fixed time locality properties of the meson field and of the 
"current density field" of the nucleon . 

According to this interpretative scheme I review the construction of the asymptotic 
nucleon, which was considered in [2]. My purposes are two: 

- the first one is to give a minimal (with respect to the meson cloud) description 
of the nucleon out of the scattering 

- the second one consists in finding a subspace of states which will be used in or- 



60 



der to prove the asymptotic convergence of the massless field. This subspace is the 
analogous of the one particle subspace in the regularized case (infrared cut-off in the 
interaction). 



The starting point is the construction of the vector ipc if), at time t, that will ap- 
proximate the minimal asymptotic nucleon state ip™*^ : 

ipG(t) is constructed starting from a one particle state for the hamiltonian H at , of 
wave function G in P— variables, to which a Weyl operator, in properly evolved me- 
son variables (L.S.Z. Weyl operators, see later), is applied. The smearing function in 
Weyl operators has the right infrared behavior established in the spectral analysis. 
Its spectral distribution, near k = 0, is labelled by the asymptotic nucleon mean 
velocity (constructed "a posteriori"); its frequency support goes from a t (a t — > for 
\t\ — > +00) to an arbitrarily small K\ 7^ 0. 

Intuitively, in the asymptotic limit it describes a "free" (one particle state) nucleon 
plus a not totally removable cloud of asymptotic mesons. The main difference 
with an analogous construction by Froehlich [1] is that the infrared cut-off of the 
cloud of interacting mesons is removed only asymptotically at a rate faster than ±-(in 
accordance with the indetermination principle). The advantage consists in the fact 
that the construction of the vector ipc if) is always inside the Hilbert space and it 
makes it simpler to use locality (by the nucleon position x) in proving the conver- 
gence. Moreover, the removal of the infrared cut-off is an "a posteriori" result and a 
byproduct of the decoupling. 

I want to stress the fact that the coherent function in the definition of the minimal 
asymptotic nucleon states is arbitrary except for the infrared limit. Nevertheless the 
conceptual and mathematical role of the minimal asymptotic nucleon states is very 
useful in developing the scattering theory. 



The mathematical counterpart of what I said is the following. 

We construct a set of states if)c (t) (where G is the P— wave function of the one 
cr t — particle state) on which there exist the limits 

s- lim Vg(*) = C' H 

t— *±oo 

Moreover on these states the functions /, continuous and of compact support, of the 
nucleon mean velocity have limit : 

s - lim t _ ±00 e iHt f (f ) e-^Vc * M = * - ""Woo (f ) e~ iH ^ G (t) - 
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The norm closure of the finite linear combinations |V ' ip™ j substitutes the sub- 
space of states at one nucleon which we have in the regularized case 

s - lim t _ ±00 e^e^'e^+^^e^'e-^^ = 

= s - lim^ ±00 e^e-^ mes 'e< a(v)+at(v) )e lHmefl *e- lH VG (t) = 
[ip (y) - / e-^y (k) d 3 fc, Ip (k) e C°° (i? 3 \ 0) ) 

By analogy, I will define the invariant (under space-time translation) subspaces n lout ( m )= 
{vC f(,n) > G (P) e Cl (i? 3 \ 0) , P g s} . 

Then I define E out ^= jv $S <n) , G e Cg (f? 3 \ 0) , $ G (i? 3 \ 0)J.The last one 
is obtained by the vectors , starting from H lou *( m ) . 

As I already said, these definitions are arbitrary in some sense. Nevertheless, through 
the (artificial) separation between H lout ( m ) and n out ( m ) I want to point out that: 

- from a technical point of view, my construction of the scattering states is based on 
some (arbitrary) H lou '( m ); 

- from a physical point of view, even if the meson cloud described by smearing 
functions <p is totally removable, the meson cloud linked to the vectors in n lout ( m ) 
is not completely removable. Then all the scattering states always containn asymp- 
totic mesons, those ones of the spaces n lout ( m ) involved in the construction of the 
spaces E out( - in) . 

Now, we make an observation which regards the coherent "static" factor q 7=7 — r 

& y |k| v ^(i-k.vs) 

founded in the spectral analysis. If we consider a a— cut-off dynamics, we can easily 

compute the asymptotic nucleon mean velocity. This operator coincides with VE a 

if it is applied to the one nucleon particle states. Through a non-rigorous removal of 

the cut-off, the coherent factor can be thought in terms of the asymptotic nucleon 

mean velocity to be constructed. 

Content of the chapters. 

In chapter 4, I define the approximating vector ifjQ (t) for the generic state of minimal 
asymptotic nucleon. Then I study the norm in time, and finally I prove its strong 
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convergence (paragraphs 4.1 and 4.2). 

In chapter 5, I construct the scattering subspaces H ou<(m ). Then I prove the existence 
of the asymptotic limits of the functions, continuous and of compact support, of the 
nucleon mean velocity. I also prove the existence of the asymptotic limit of L.S.Z. 
meson field Weyl operators and I discuss their commutation properties. 

The construction will be explicitly performed in the case "out". The case "in" is 
completely analogous. 



4 Approximating vector ipc (t) . 

I will consider a cubic region of volume V = L 3 inside £ in the P— space , for sim- 
plicity of construction. For P in this region, we have: 

• the existence of the ground state of Hp with the properties which implicitly 
follow from the results in chapter 3; 

• small nucleon velocities \VE a (P)| < 1 W (see lemma A2); 

• \VE a (P + k)| < 1 Vtr, for k : < |k| < Kl < 1 («i properly small). 
I will assume that the following hypothesis holds in £ : 

hypothesis Bl 3m r > s.t. Ma VP G £ ^gp > g and ^JgP) > _L 

I consider a time-dependent (t ^> 1) cell partition of the volume V = L 3 . The 
linear dimension of each cell is where n G K, n > 1 is such that (2™) 7 < t < 

(2™ +1 ) £ , e > 0. The exponent e will be fixed only "a posteriori". It follows that the 
number of cells is TV (t) = (2 n ) 3 where n = [log 2 1 }. I will call Tj the i th cell, centered 
inP~ 

Constructive prescription of ipc (t). 

1) I will consider the vector ij)f^ t = J r . G (P) ipp )Crt d 3 P, where: 
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-G(P)eCi(R s \0); 

- vpp = W% (VE at )(f>p is the normalized ground state of H P CTt (I will use the 
index b in in order to distinguish it from Weyl operators in a, a) variables); 

- (t) is referred to the partition at time t; 

= (/ r . |G(P)| 2 d 3 P)*is of order (N (t))~* 

2) t _ _ 

I will dress each by the proper e !ffi e - !ffmesi iy ffj (vj) e lHmeat e - lH <y t t . i n such a 
way, the vector will remain inside the Hilbert space H under removal of the cut-off. 
Therefore I will define: 

ipQ (t) = e mt e~ iHme3t Ei ( ? W at ( Vi ) e ^ mes *e^( v - V£<Ti ( p )'*) e -^ CTt ( p )Vll = 
= e im £g } (v is *) e ^(v,v^(P), t ) e -^^W t 

being 

„ f«l a(k)- a t(k) d3 fe 

• W at (vj) = e * |k| v 1_k ' v v ; where v, is the velocity corresponding to the 
cell center P, of Tj, Vj = VE at (P«), «i (0 < n\ <C 1) is the integration upper 
bound for the frequency; 



W„ 



i,t) 



V; e 



-«/« 



Kl a(k)e'l k l i -qf(k)e-'l k l t A 



|k| 



(l-k-v,) 



. 7fft (v„ ve- (p) , t) = - j? {, 2 r/ / ^ggipii ^^ | k | } rfT = 

= - J? {s 2 / cos(q ( ^ )Hq ' ) ^^ 1 } rfr 

e »7a t (vi,VB CT *(P),t) j g a p^agg factor whose origin and definition will be clear later. 
In particular, in order to implement the convergence of if)c (t), we will see that 
the integration bound erf is a "slow" cut-off that will be substantially treated 
as a fixed cut-off, while the "speed" cut-off a T will require the phase term. For 
this purpose it is necessary that erf goes like r~ Q , where a is a positive number 
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sufficiently less than 1, and that a T is of order , where (3 is sufficiently bigger 
than 1. In the proofs, I will take a — || and I will not fix the exponent (3. On 
the basis of partial estimates, eventually (3 will be chosen equal to 128 in order 
to gain the strong convergence of the vector ipc (t). 



4.1 Control of the norm of ipa (*)• 
I will study the scalar product: 

(ipG (t),i>G (t)) = 

= Efjfi (W at ( Vi , t) e <7.«(v i) V^«(P) 1 t) e -iH < , t ^W t , W at (V„ t) e ^ t (v„V^(P),t) e -^ CT( t^)J 

The diagonal terms of the above sum are easily under control. In fact, if % = j 
we obtain: 

Efi? Kt 41) = EfJ Jr, |G (P)| 2 d*P = S v \G (P)| 2 d*P 

The following step consists in proving that each mixed term of the sum Eij=\ van- 
ishes asymptotically with an order in t independent of the dimension of the cell. 
Therefore, by properly choosing the exponent e that determines the rate of growth 
of N (t) = [t e ] 3 , we obtain that the sum of mixed terms for t — > +oo vanishes. 

Remarks on the notations 

In the estimates I will produce in these paragraphs, I will generically call C the 
multiplicative constants which are uniform in the infrared cut-off and in the cells 
partition of the volume V. The bounds are intended from above, up to a different 
explicit warning. The time t is intended much greater than 1. 

mixed terms 

If i ^ j, I define: 

M itj (t) = ^(vi.vs-tcpj.t)^, e iH ^W auiJ (t) e ^ t (v„VE^(P),t) e -^ CTt t^(ty 
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i (*) = e L * |k| 1J W VW\ where ^ ,- f k) = , P^7 Vi l , 

at ' l ' J w hJ V / (l-k-vj)-(l-k-vi) 

Now, I consider Mjj (t) as a two-variable function, by distinguishing the time vari- 
able t which parametrizes the partition from the time variable s of the evolution. For 
this purpose, I define: 

Mi j (t,s) = (e i ^*( Vi > v ^ t ( p )'')vS t> e i ^ 8 W fftii j (s) e ^ t (v„v^(P), S ) e -^ t ^WJ 
with the constraint s > t and the obvious property M it j (t,t) = M it j (t). 
I verify that: 

I) Mij (t, +00) = lim s ^ +00 Mi j (t, s) = 

II) (t)| = (t, t) - Mjj (t, +00) + (t, +00) = M id (t, t) - Mi j (t, +00) < 



< 



< 



< C ■ t 25 ~ 3e ■ rife . (\na t f 



Proof of I) 

For s > t 

where: 



_ A pi a(k) e 'l k l a -at(k)e-'l k l" , . (ft _£k_ 

i ■ (s) = e Jct * |k| l ' n ; ; A a real parameter; 



7a t (vi,V£7^(P),s)= { 



Jl 1 » Jt-ctj J (l-q-vi) T 



lat (v i; V£ CT ' (P),a t 



/or s : s 40 > a t 



jor s : s 40 < at 



From the derivation with respect to the real parameter A, we arrive at the differential 
equation: 
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dMij(X,t,s) 



-\C i , j M iJ (\,t,s)+r a (\,t,s) (21) 



( 4% e D(H at ), then it belongs to D(a(f)) and D(at(f)), / G L 2 (R 3 ), and 
the derivative with respect to A is well defined) 

where 

r at (A, t, s) = 

= - ( W *li,j (s)e i ^( v - vs "'( p )' s )e-^ s vS t , Q a(k Jg' k ' 3 • fcj (k) -^e^Jv^VE'M^.^e-^^W^ + 

+ ^ " (k fi""' • ^ (k) _^jL e i7<r t (v,,VB''«(P),a) e -i^ t .^W ; W X_ ( j)e i7 It (vj,VB"(P),.) e -iir, t .^) 



from which Mjj (1, £, s) = e 2' J M i; j (0, t, s) + Jq 1 r CTt (A, i, s) dX 
Note that: 

• Mjj (0, t, s) — Vi, s since the P— supports of ,"0^ t (i 7^ j) are disjoint; 

• thanks to lemma B2 (Appendix B) and by the control of the derivative with 
respect to s (theorem B4) one can verify the existence of 

s - lim_ +00 e iH ^ JZ ■ hij (£) ^. c -*H. t . c *> t (x j ,v^(P)^W = 

/ _40\ 

= a°f(h)e v If. 



since the vector ip^l t is a Fock state for |a°"* (k) , k : < |k| < «i }(see theorem 
B5, Appendix B) lim s ^ +00 r at (A, t, s) = 0; in fact 

lim _l e iH °t s f Kl a(k)e '' k ' s • h- ■ (k\ d3k e -iH* t 8jK t (v j ,VE''t(P),s)^(.t) 
um s _> +00 e j CTt | k | rb l>3 e V 3 ,o- t 

f _ 40 \ 

- nm s ^ +00 e J CTt |k| ft M (^K) /^e e v / ip j>at - 
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/ - 40 \ 

= a°f(/i)e V y ^ t = 

Therefore, starting from the equation(21), we have 

Mij (t, +00) = M id (A = 1, t, +00) = f r at (A, i, +00) dA = 



Proof of II) 



Let us consider: 

A [e m ^W at ( Vi , s) e^( v - VECTt ( p )' s ) e -^* s ) v£ t = 



= ie^t-W^ (v i5 s) (^ t)Vi (x, s) + d7CTt(v "^f t(P) ' s) ) e ^ t (v i ,v^*(P),.) e -iH < , t ^ 

s(k-x-|k| 

(l-k-Vj) 



(t) 



where ^ t>vi (x, s) ee ^ 2 /« / £"fegffl dnd |k 



Derivation of (22). 

The term ie lHa t s W at (v,, s) <£ CTt)Vi (x, s) e l 7o- t (v i ,v.E<'"t,s) e -i.ff CTt s [ s formally obtained from: 



ie lHa t s 



rmes 
<cr t — , ■ 



pi a(k) e 'l k l s -qt (k ) e -»|k| 8 d 3 fc 
J CT < |k|(l-k.v 4 ) V / 2W 



ie iHa t s 



— — ^g^^^t ® 



f«l a(k) e 'l k l s -qt(k) e -'l k l s A 
|k|(l-k- Vi ) 



e -iH at s 



= ie iH °* s e 1 



g Q (a (k) e ** + at (k) e- k x ) -^£-, e 

f-«l a(k)e'N«- a t( k ) e -»|k|s d 3 fc 



»l k l*- tf k1e -»|lt|s rf 3 t 



Kl a(k) e 'l K l s -qT(k) 



CT t |k|(l-k-vj 



/2|k| 



K 1 -^) V^W 2 ,M r cos(k. r |k|s) ^ d , k , 

y J<T * J (l-k-vi) 1 1 

the last step follows from: 
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yj<Tt V v 7 v 7 / v /ijk|' |k|(i-k-vi) v /ilk| 

= 5 2 / «i /£ «&g^ 2 i dnd | k | 



The formal steps are well defined in D (H at ) from the operatorial point of view, 
because: 

• H at , H mes , Hq and g J** (a (k) e lkx + a) (k) e _lk-x ) have a common domain 
L> of essential selfadjointness; 

d(e iHm "' e - iH 't') . , 

• — ^ is closable; 

• the sequences, obtained from the formal calculus by approximating (in the norm 
ll-^oV'll + IIV'II) the vectors in D (H at ) with vectors in D, are convergent. 



On the other side lat (v i} VE°\ s) = - ft j<? 2 £™ J cos ^ v _^-^ dQ^ dr from 



which 



— - a 2 f sW f cos(q-VE CT t-|q|) ^nd|q| 
ds 2 Jert-s J (l-q. V ;) s 

^(v,,f,.) s Vj;*/=^Wldn*i 



I decompose </?o- t)Vi ( x ) s ) (formula (23)) in <p* t (x, s) + ^ (x, s), which are so 
defined 

= { 

/or 



40 
' 39 



40 
' 39 



2j^i 39 j cos(k.x- | k | S ) ^| k j f ars < a 
s W (^1-k-VjJ 

¥>l t , Vi ( X , S ) = ¥><r«,v< (x, s) - y£ tjV . (x, s) = { 

Wt.vi (x, s) for s> a 
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The estimate of the norm of the expression (22) requires the introduction of some 
functions Xv} (VE at ,s) defined in Appendix B. These functions tend, for s — > +00, 
to the characteristic functions of the transformed Tj cells, under the application 
P — > VE at (P). Such a regularization is necessary to the estimates discussed in 
Appendix B. As we can see in the definition (bl) in Appendix B, an exponent S is 
introduced to which a scale length t~e corresponds. This scale length has to be less 
than the (e— dependent) linear dimension of the cell in order to have consistency. 

Analysis of the expression (22) : 

ip at v . (x, s) c~ iEat f p) V^f fv '' VE<r * ' s Vff t I djat ( - Vi ' V d E ' 7t (p) ' s) c - iEat M'c*"* (v ' - vgCT * ,s V\ ( *] t = 
= VottVi (x, a) e-^(P)v^^M) ( lri (P) _ X W (yE at (P) , s)) ^ + 

(25.0) 

+ ^V^W eI>((v ,, V£ ,, s ) e - jPt (p) s ^ (p) _ ^(t) (VE<7t (p) j s) ) + 

+^ t , Vi (x, a ) ( X W (V£- (P) , s) - X W (s s )) e -iE-tCP). e ^(v„v^«,.)^W + (25.1) 

+< Vi (x, *) x£> (f , *) e -^(P)- e ^(v*.v^,.)^0 + (25 , 2) 

+ K, Vl (x, *) x« (7, *) + ^ (vi, 7, ^) X<? (f, *)) e -^W- e ^*(v«.v^^)^W + (25.3) 

(vi, f , s ) (xS? (?, *) - X§? (V^ (P) , *)) e -^(P). e ^*(v..v^,.)^W + (25.4) 

+ ("^ (vi, f , *) + d7 " (V " V d r (P) ' S) ) e *r-*(v«.v^M) e -i^*(P). x W (V.E" 7 * (P) , s) (25.5) 
TVoie 

As regards the function 1^ (P), it is assumed that r, f] suppG 7^ 0. 

The norm of each term on the right hand side is less than 

C - s- 1 - s 2 *-? - s-& - (]n<j t ) 2 

(26) 

(25.0) 
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• because of lemma Bl and of lemma B3 (Observation 1) this term is bounded 

Hat) 
s 



byC 



^r-r e (5>24e); 



(25.1) 



l^t.vi (x,s)| < C ■ 



Mat) 



Observation 1, lemma B3); 



( X W ( V £- (P) , a ) ^ - x« (f , s)) e-i^s^.VE^s)^ 
< C ■ s _ TT2 • s 25 ■ |mcr t | • i - "^ (see lemma B2); 



< 



(25.2) 



V?^ tVi (x, s) Xv] (f) s ) < C* • s 2 • s« as the support of x$ (7, s) leads to the 
estimate contained in Observation 2 , lemma B3; 



(25.3) 



• since by definition of 7^ (v i? . , s) we have ^ (v,, §, s) = -<^ t)Vi (x, s), this 
term is zero ; 



(25.4) 



by lemma B3 (v*, f , s) | = \fl t , Vi (x, s) 



< C 



\n{u t ) 



. Besides, as already 



seen, 



( X W (VE- (P) , S ) 4it - Xi? (7^)) e -^CP). e ^*(v*.v^,.)^W 



< 



< C • s 112 • s • I In cr t I ■ t 2 



(25.5) 



from Corollary B2 a bound of order s 1 ■ s 112 • s 25 ■ \\na t \ ■ t ? follows 



Taking into account the estimate (26) and assuming the constraints 



. 5 > 24e 

. 25 + 3e < ^ 

I consider that: 



Mij (t)\ = Mij (t, t) - Mij (t, +00) + Mi j (t, +00) = Mi j (t, t) - Mi j (t, +00) 



< 
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(*) 



< j+~ 2 |U {^'^ (Vi, s) e ^(v l ,v^(P),s) e - i ^ s ^W jll |U£ 

< C • • t 2 ^ 3e • (lna t ) 2 

Therefore, the sum of mixed terms is bounded by C ■ t~~^ ■ t 25+3t ■ (lnot) 2 (where 
cr t = t 13 , (3 > 1, by hypothesis) which vanishes for t — > +oo if 5, e are such that 

. 5 > 24e 

. 25 + 3e < ^ 

I will assume these constraints in the following paragraphs. 



4.2 Strong convergence of ipa (t) for t — > oo. 

I will display the Cauchy property of (*), by studying the norm of : 

V'G (t 2 ) ~ tpG (tl) = 

Notations 

- If i 2 > h > 1 and AT(t 2 ) ^ JV(*i), then EfJP = E2=i° Ei(i) where * (*) is 
the index which counts the sub-cells relative to £2— partition, contained in the i th cell 
of the ti— partition. Therefore we have 1 < I (i) < 

- adding and subtracting the same quantities, I will rewrite the expression (27) as the 
sum of three contributions A1,A2,B. Al is a variation of the "dressing" W Ct (Vj, t 2 ) 
at fixed partition (that one relative to i 2 ), A2 is the variation of the partition, the 
other variables remain fixed , while B is the variation from t 2 to t\ , at fixed partition 
(the one relative to ti). 

IpG {h) ~ IpG (*l) = 
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-e^ ES E, (<) ^ 2 (v,, t 2 ) ^(v,,v^(P), l2 ) e - lSfe ^ + 
-e*** ES (Vi, f 2 ) (v l ,v^ 2 (P), t2 ) e -^ i2 * 2 ^ ( i) 2 + 

In the following paragraphs I will study the norm A1,A2,B in terms of t\ and t 2 . 
analysis of Al 

Let us examine the square norm: 



Al 



A2 



N( tl ) 

.1 i(<) 



-EE ( e " H " 2t2 <^ t2 '« 2 "< a ( v ^ 2 )) (vr (i '),* 2 ) -W„ t2 (v,, i2 ))e-^ t V^ ) 

i,i/=l l(i),U(il) 

(the phases e* 7 are omitted for reasons of space) 

the sum of the terms where i' 7^ i and I' (i) 7^ I (i) vanish, for t 2 — > +00. Its 

rate is surely bounded (from above) by of a quantity of order t 2 112 • t^ 36 ■ (lna t2 ) 2 
as we can estimate by the same procedure used in the norm control. The remaining 
terms are of this type 

(e- iH ^^l t2 , (Vt (2 (v l{i) ,t 2 ) Wt t2 (v 4 ,t 2 )) (W at2 (v l{i) ,t 2 ) - W at2 (v u t 2 )) e-^^lj = 
= (^ H ^tt^( 2 - W L (^)W at2 (y l(i) M)-Wl t2 (v m ,t 2 )W at2 (^e'^^l^) 
For example, I examine: 
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As in the control of the norm, one considers 



/(i),<rt 2 



The limit for s — > +00 of the above expression is: 



t2 



/ _40\ 

(v iW ,VS CT '2(P), % ^j 



i 7CTt2 (v.VE^tP),^) (t2) 

ri(i),<r t2 



where = / t 



«i 

<Tt 2 



d 3 fc • 



2|k| J 



is bounded by C • t x e • | In (a t2 ) | . 



Summing on the cells, the total error is bounded by a quantity of order 



t 2 ^ -tf -i\na t2 



Then the discussion is restricted to 



IV(ti) 



EE 

i=l 



2 — e 2 — e 2 



(*2) W,(*2) 
l(i),crt 2 ' ^l(i),at 2 



that we can control by Eili*^ ( W(»v t2 ' C ' ^i ' ' l ln ( cr t 2 )l^ < l ln 



analysis of A2 

giHfc ^(Ji) E ^ (v .^ 2 ) ^(v^V^W^g-iH^fa ^(fa) 



l(i),at 2 ^i-,ot 2 



because ^ = / rj G (P) ^ 2 d 3 P = £, (i) Ir l(i) G (P) ^P, CTt2 d 3 P by definition. 



analysis of B 
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In order to study the B term, I decompose it into five contributions and I esti- 
mate their norms. 

Eie iHt *W at2 (v,,t 2 )< 2 ( Vi )< a (v i )^ 2 (^ V£ °' 2 ' i2 )< (VE^)e- iE "^W b at2 (VE^)^ t + 

= E^W CTt2 (v,,t 2 )< 2 ( Vi )< a (v t )< (V^)e i7 "^ v<,VB ' ia,ta ^- iB " a *»< a (V^)v£] 2 + 

BI) 

BII) 

-Ei^W^ (vi.tOW^ (v,)< 2 ( Vi )< 2 (V^Je^i^'^^Oe-^' 1 *^^ (V25*'i ) ^ + 
+ E i e"" 1 W„ t2 (Vi.ti)^ (viX a (v,)< (V^)^^'^" 1 '* 1 ^-^ 1 * 1 ^ ^'1)^ + 

Bill) 

-Eie^W^ (vi.tOW^ (v,)< 2 (v,)< 2 (V^)^ 1 ^'^ 1 '* 1 ^-^ 1 * 1 ^, ^25^,% + 
+ E i e iff * 1 W trtl (v.tiX; (v,)< 2 ( Vi )< a (V^)e i7 ^ (v4,V£ ' tl,tl) e- iB " ltl W* ti (V£^ ) + 

BIV) 

-Ei^W^ (v.tiX; (v t )< 2 (v 4 )< 2 (V^Oe'H^^' 1 ^^.^^^ (V£;ffti) ^ + 
+ E i e"" 1 W trtl (v^,)< (v t )< 2 (v 4 )< 2 (V^Oe'^^^'^e-^' 1 ^^ (V25*'i ) ^ + 

BV) 

-Ei^W^ (v„d)< (viJW^ (v 4 )l< (V^)e^( v " VE ° ,Ml 'e-' £ " lf '^ (V^)^ 
control of BI) 



The term BI) corresponds to 

{e iHt *W at2 (v i} t 2 ) e*** ( V - V£ " 2 - e««i (v^i) ( v '> v *" a '^e^'^ } 

I estimate the contribution of the single cell by expressing the difference between 
times ti and t 2 as the integral of its derivative. Then I estimate the norm of the 
derivative: 



£ [e^W at2 (v„ s) e^^^e^'^ds = 
= &{* iH 'Wa t2 (v,, S )e^(-' V£CTt2 ' s )e-^-^ 2 } = 

= ie^W at2 (v i>a ) (^, Vi (x, S ) + ^ (v " V ,f 2(P) ' S) ) e ^(-.v^,« a ) e ^.^) i+ (28) 
+ie^W CTt2 ( Vij a) (H - H at2 ) g^^.v^,.)^^.^ (29) 
The formal steps are well defined as ^ a G D (#<rt 2 ) =D(H). 
estimate of (28) 

Analogously to the proof of II) in paragraph 4.1, 1 decompose <p at2 ,vi ( x > s ) m Vo- t2 ,vi ( x ' s ) + 
+^ t2 ,v, ( x , s )> having defined: 

39 

pi v (x, s) = g 2 Jf w J SS^mdnd |k| 

V^.Vi l X - S J - J s -f J (i_k. Vi ) ° iZ ° l K l 

by steps analogous to the ones used in II) of paragraph 4.1, we obtain the following 
estimate of the norm of the expression (28): 



C ■ s- 1 ■ ■ s 25 • t/ 2 •(lnatj 2 



estimate of (29) 

The norm of the vector 
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(H - H at2 ) ^(-v^^g) = e^(-^'^r (6(k) + 6t ( k) ) -*jL^£> 



can be estimated in the following way: 



gC> (6(k) + 6t (k; 



< 



< 



3l 

2 



2|k| rj ' CT *2 

<c-K)-*i 

( I used the fact that b (k) ipQ] = for k : |k| < a t2 ) 

Therefore the norm of the term BI) is bounded by a quantity of order 

(remember that the constraint 25 + 3e < ^ is assumed) 
control of BII) 

The contribution of a single cell vanishes with a rate related to the decrease of 
the cut-off. In fact 



< 



< 
+ 
+ 



l) _ e i> tl (vi,Vfi"l,tl) e -iE'f2 tl |yi fVE" 74 



,v^ !tl)e -^2 tl<2 (Vi?-2)^) - e 



+ 
+ 



The module of e l7<T *2 ( Vi ' VjE 2,tl ) — e* 7CT *i ( V *' v - E can be estimated in terms of the 
module of the difference between the arguments of the exponentials: 



lut2 (v., VE^ (P) , h) - 7<Tti (v i5 V^'i (P) , ti) 



<T tl 



77 



sin 



/k-(vi5 CTi 2-VB <Tt l)r\ /k.(vi5 <T <2+Vi5' T *l)r-2|k| 



= 2 A* 1 < # 2 r n T I — 7 - \ |k| 

ji i y j CTtl J (i-k-vi) 1 1 



^1^j cos(k ^y kir) m i k i}^ 



> dr+ 



then 



< 



7(Tt2 (v is VE^ (P) , tj) - 7(Tti ( Vi , Vfi^ (P) , h) 
< C ■ \VE^ (P) - V£ CT *i (P)| • J* 1 (a^) 2 -rdr + C-h- a tl < 
<C-(a ti yft T-fodT + C-h-Gt, 

(the bound of the module V£p 2 - V£p 1 comes substantially from lemma A2, 
a tl = ti 13 where (3 > 1, by hypothesis). 

i 

Then we have a bound by a quantity of order t\ ■ (a tl ) 4 . 
second term of the sum 

is bounded 



Taking in account the iterative procedure, the module 
by a quantity of order (a tl ) • t\ 



third term of the sum 

e i-ra tl (vi,VE a ti, tl ) e _ iE °t ltlW ^ (v_g;<rt 2 )^(*0 _ e S( Vi|VB ' ,1 ' tl )e" iE '' ltl Wj j (V^)^ 1 



/ rj G (P) < 2 (VE-2 ( P )) i; F ^P - / ri G (P) W b aH (VE°h (P)) V^cPP 



< 



< C • (<r tl )« • *! * (see theorem 3.2). 



Therefore the norm of BII) is surely bounded by: 
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C-t? +1 -(<J tl )s 



control of Bill) 



Having defined ^ = W£ a (v^) W 7 "^ (V^) e i7CT 'i ^'^'^^e-^* 1 * 1 ^ (V£ CTt i) ^> 
the III) is written as: 



) 



E ^ K< 2 (vi, to (v 4 ) - w fftl (v„ tl ) ( Vi )) 



I restrict the analysis to the single cell. For this purpose I examine 



W at2 ( Vij ti) < 2 (v*) - W CTti ( Vi , h) (v. 



;j a(k)( e l l k l*l -e lk ' x ) -at(k)( e - l l k l t l - 



= <(v,)e " 

= w ati (vi.towj: (v,) 



|k| 1-k-v; 



a(k)(e'W«l_ e *^ 



/ _ a(k)(e'l k l*l- e ^x^_ a t (k) ( e -»|k|t 1 _ e - I k.x^ ^ \ 

g '°*~ |k|(i-k. Vi ) V^W 



'^2 



On the vectors belonging to the domain of the generator of the exponential we have 



-*/« 



a(k)( e i l k l*l- e ik ' x )-ot( k )^ e -i|k|t 1 _ e -ik.x^ ^ 



a *2 



|k|(l-k- Vi ) 



/2|k] 



1 = 



t a(k)( e 'l k l t l- e ' k ' x )-qf(k)( e -'l k l t l- e -' k ' x ) d3fc 
J0 yJ(7t 2 |k|(l-k- Vi ) y/2\k\ 

Since the vector <pi belongs to the domain of the generator, the following bound holds 
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9 Si 



d 3 k 



+ 



CT *2 |k|(l-k- Vi ) y/2\k\ 

g ja tl gt(k)(e-^l'i- e -^') d 3 k 



<Pi 



< 



J "2 lkl(l-k. vl ) ^ikl^ 



+ 



< 2 



Jct *2 |k|(l-k. Vi ) y^jk| 

yjCT *2 |k|(i-k- Vi ) v/ijkf^ 



< 



/ I -ilklt-i _„ik.-x I ^ \ 2 



2|k| 3 (l-k. Vi )' 



Analysis of 



6(k)(e*W«i-*--l) d 3 fc 
^■K |k|(l-k. Vi ) v^k]^ 



1) the expression 6 (k) Wj^ (v<) w£ 2 ( ) (^-^-'Oc^'iti^ (VE^i)^ 
is a well defined vector in H and it is strongly continuos in k. Therefore: 



J °t2 |k|(l-k.V() V2|k| * 2 ' 2 41 



< 



1-fc-Vj 



2) estimate of 



b(k) ( e i|k|ti e -ik.x _ X ) ^ ( Vi ) (V^K 7 ^^'^' 1 '' 1 ^-^ 1 ' 1 ^ (V-E^J Vi*^ 



d 3 fe 



6(k) ( e <l k l*i e -*- x - l) W^ t2 (v,) (V^je^i^'^'^e-^ 1 ' 1 ^ (V^i)^J 



) 



1) In distributional sense, the following equality is valid: 

b (k) W b at2 ( Vi ) (V^ (P)) = < 2 ( Vi ) < 2 (V£- 2 (P)) (6 (k) + / (k, Vij P)) 

ov K Ckl 

where /(k,V;,P) = 



9X? <2 (k) <?xS t2 (k) 

— ^ ~ ~y~ g ~ 

|k|5(l-k-vj) |k|3(i-k-VB' Tt 2(P)) 



( Xa t2 characteristic function of the set {k : a t2 < |k| < k}); 



moreover, being |k| < a h , b (k) ( V£ CT *i ) ipf^ H = 
Therefore for k such that |k| < a tl 

b (k) W b at2 ( Vi ) w£ 2 (VE^) e i7CT *i (^.v^^Oe-^'iti^ (VE^i)^ 



°*2 



<T tl 
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The strong continuity in k , a t2 < |k| < a tl , comes from the continuity of the 
function / (k, Vj, P). 



2) Estimate of 

6(k) (e^e-^-l) (vjWj^ (V£^) e ^ 1 (v i ,v£"i,ti) e -j E ^t w ^ (V^)^ 
Starting from the identity: 

eilkltx ^ (v . } ^ ( V ^ k ) e *7. tl {^e;% m ) e -iE^t lf (k) Vj p + k) ( V£ £i ) ^gO + 

-W* a ( Vi )< 2 (V£^ (P))e^ 1 ( v - v ^ tl(P) ^) e -< tlt \/(k,v 4 ,P)^ ti (V£?«"i (P))^ = 

= e i|k|t lW j ta (V . )W £ (V^ k ) c^h^^le-^/^v.P+kle-^ ( V£;fftl ( p ))^ + 

(30) 

+VK ff b (v^wf (V^ CT *2 (P)) e ^n( v - v ^ tl ( p )'*O e -^ tl ( p )*i/(k,v i ,P)e- ik - x W- CT 6 (V£?'"i)^ ) + 

' H (31) 

-VK CT b t2 (vi) Wf t2 (VE^ (P)) e^'i K^' 1 .*i) e -is"i (P) tl/ (kj v . ; P ) ^ ( VS a tl ) ^,(*0 
I estimate the expression (30) and the expression (31). 
Estimate of (30) 
Considering that: 



1. 



< 2 (V^ k ) - < 2 (V^ 2 )) / (k, v,, P + k) e-**W* ti (VEp* 1 ) ^ | < 

i — — j_ _^ 
C • (ln(a t2 ) • ln(<7 tl )) 2 ■ t 1 2 ■ |k| 16 • |k| 2 (it is proved starting from an es- 
timate analogous to the (b4) in lemma B2 and from the fact that |k| < a tl <C 1); 

by comparing the arguments of the exponentials as in the discussion of BII); 



< C ■ |kp ■ tl° 
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e i|k|ti _ 



< 2ti ■ Ikl 



k|T5 



4. |/(k,v ij P)-/(k,v i ,P + k)|<C7.J^ 

|k|2 



e -iE CT *i (P+k)ti _ e -jS CTt i (P)ii 



< C- Ikl" -ti 



being |k| < a tl <C 1, one can conclude that (30) is bounded by 





i 




|k 


16 . 


|k| 



3 _3€ 



Estimate of (31) 

The norm of the expression (31) is equal to 

e- ik -*f Fi G(P)W» ti (VE^ (P))^^- / ri G(P)Wj (VET* {J>))^ ati d?P 



I observe that e ikx V^ ti (V-E CTt i (P))*0p,<t 4i G #p k and that the following equality 
holds in F b : 



/p-k (c-**^ (ViT'i (P))^p, CTtl ) = /p « x (V^«i (P))^ P>CTtl ) 



Then 



e x Jr, C (P) % (V£^ (P))K d p -/r,G(P)< (Vtf*i (P)) V*^^ = 

= / ri G(P)e- lk ' x {< i (V^'i (P))#, fftl }^-/ r ,G(P)< (V£^ (P - k)) 4> F ^ ti d 3 P+ 

(32.1) 

+ J Fi G (P) Wj (VE at i (P - k)) fa^dPP-J^ G (P - k) (V£-i (P - k)) ^ P _ ki(Tti d 3 P+ 
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(32.2) 

+ /r,G(P-k)< i (Vtf*i (P-k))^P- k ,. tl rf 3 P-/r i G'(PX i (V£^ (P)) ^d^P 

(32.3) 

The term (32.1) can be estimated starting from 

|/ P -k (c-*- x {w* tl (V^«i (P))Vp, CTtl }) -/p-k (W* tl (V^«i (P-k))^P- k , CTtl )| F 

and then it is norm bounded by C ■ |k| 32 • t 1 2 , for theorem 3.4. 

Being G e (R 3 \ 0), the norm of the term (32.2) is bounded by C ■ |k| • 

After having estimated a volume difference, the norm of the term (32.3) is bounded 
by a quantity of order |k| 2 ■ t l € . 

In conclusion the norm of the (31) is bounded by C ■ |k| 32 • t 1 6 ( |k| <C 1). 



Then 



9% 



fe(k) ( e .|k| tl -,k.x_^ rf3fc 



JCT *2 |k|(l-k- Vi ) 

= C-ti -tr • |lncr t2 | • (a tl )^ 

By the same steps, one obtains that 



( e *l k l*i e -*-* - l) W h at2 ( Vi ) w£ (V£ CT < 2 ) e l7CT *i (^v^M^-ifi^ti^^ ( V£ CTt i ) ^ 
is bounded by a quantity of order |k| 32 • t\ ■ t l e ■ |ln <r t2 1 . 

d 3 kifi] 



„i|k|t j gik-x 



Analysis of (Pi,q 2 /J' 1 

2 

Note that e*^* 1 — e lkx = 2 — e - J l k l*i e lk - x _ e «|k|ti e -« k -x_ Taking into account the 
result of the previous note, we have that: 
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Therefore the norm of the term Bill) is surely bounded by a quantity of order: 

h-tf- |m<7 t2 | -K)^ 

control of BIV) 

- Ei e ,flf1 ^ ( Vij fx) W? ti (v 4 ) < 2 ( Vi ) (V^)e l H (v.v^!,,)^^!^^ (V^«0 V&i 
For a single cell 

| « f 2 (V^ 2 ) - (V^'i)) Wj ti (VE-!)^ J < C • (a tl )2 . |i nat2 | . 

3e 1 

therefore the norm of BIV) is bounded by C ■ if 2 • (cr tl ) 4 • |lncr t2 | 
control of B V) 

Eie iH ^W ati (vi^W^ (v,X 2 ( Vi ) (VE^e^i^^e-^W^ (V^ 1 )< + 
-Eie iH ^W ati (v,,^^ ( V< ) W* tl (v 4 )< (V^)e^( v " VB " 1 ' tl )e- iB " 1 ^ (i (Vi^)^ 
= S^W^ (v„0 W b \%\ ( Vl )^ f |£ (V^*i) e ^.i(^^ tl .'0e-^ tl *iv£i + 

= ^ e ,ffi W, f] (v^) (V |% ( Vi ) W b ' \? t \ (VE-!) - l) e ^i^ tl ^) e -iE, tl t^(t^ 
with the definitions 
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r« 6(k)-6t(k) d 3 fc p b(k)-&t(k) d 3 fc 

. ^ |% ( Vi ) = W b [ ( Vi ) W£ a ( Vi ) = e NCi-^O^e J - 2 i^ 1 --.)^ = 

_ r<rt 1 6(k)-fct( k ) d 3 fc 
= Jct *2 |k|(l-k. Vi ) V^W 



w 



Jct «2 



Kk)-6' (k) 



|k| 1-k VB *1 



/2|k| 



The discussion of this contribution requires the study of the squared norm and the 
control of mixed terms in the scalar product. In order to do it I will verify that the 
sum of the mixed terms vanishes and I will determine the rate. Then I will examine 
the diagonals terms. 



mixed terms 



As in par. 4.1 "Control of the norm..", I will consider the generic i-j term. I ob- 
serve that it is possible to reply the same procedure since the operators, obtained from 
derivation with respect to the parameter A, commute with (w b \a\\ (vj) W bt \V t \ (Vi? "* 1 ) — 1 
Then the result is analogous: the sum of the modules of the mixed terms is bounded 
by C-t^ ■t 2 1 5 ^-(lna tl f . 

diagonal terms 
Considering that: 



the norm 



W b \all (Vj) W b \all (V£"i (P)) - l) 4^1 1 can be estimated by a 



quantity of order sup Pgr v |vj — VE at i (P)| • (|lncr <2 |) 2 • t x 



• sup PGri | Vi - VE^ (P)| < sup PGri jv^'i (P) - V^i (P^ 



< 



< C • supp gr . 



P-P, 



< C ■ t 1 16 (for the last step, see lemma 3.3) 
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the sum of the diagonal terms gives a contribution bounded by 

C-t^-(mK))^ 



Therefore it follows that the norm of the term BV) is bounded by 

C ■ max ^, ^ • tj 5+3e y^J ■ \\na t2 \ 

Theorem 4.1 

The vector ipc (t) converges strongly, for t — > +oo, with an error of order where 
p > is a properly small coefficient. 

Proof 

We look at the bounds obtained for the norms of Al, A2 and B 

Al) C- {(C • |m<7 t2 |) +t~^ -tf^ ■ (\na t2 ) 2 Y 
A2) 

BI) C ■ t,^ ■ tf +f • (lna t2 ) 2 + C-t 2 - K) • tf 

BII) C-tf -ti-K)« 

Bill) C-^-^-llna^l-K)^ 

BIV) C-#-K)^-|lna t2 | 

BV) C • max • tf +3e ) ^ • |m<7 t2 | 

where we have tuned the time scales related to e e 5 in accordance to the constraints 

• 24e < 5 . 

• 25 + 3e < ^ 



86 



and we have chosen, for example, a t — t . Thus we can observe that the time t 2 
appears in the numerators only in In (<7f 2 ) and that we can estimate 

where p > e -jg > are independent of tie £2 (for t 2 > t± > t >> 1). 

Now, let us consider the sequence 1 1 , , , .... and put t™ < t 2 < Due to 

the norm properties, it follows that: 

Ug fo) - 4>G (*l)|| < Ug (t?) - V>G + (t?) - V'G (*?)|| + + ||V>G (f 2 ) - IpG (f?)|| < 




For ti sufficiently large ti > i\ > t >> 1 the sequence inside the brackets is con- 
vergent, and it is limited by a constant M. 
I can conclude that Vti, t 2 where t 2 > ti > £i 



||V>G (*2) - V>G (*l)ll <3 



5 Scattering subspaces and asymptotic observables. 

In this chapter I begin by constructing the subspace H lout ( m ) as the norm closure 
of the finite linear combinations of the vectors ^^"^ . The invariance requirement 
under space -time translations for the space n lout ( m ) implies a more general definition 
of the vector ^?*^ m \ Therefore it will be labelled as a V^^i^a- ^ corresponds to 
the evolution of ty™^ 11 ^ in the time r and to the translation of a quantity a. 

I will verify that on H lou *( m )= V^G^i^a the strong limits of the functions, contin- 
uous and of compact support, of nucleon mean velocity and the strong limits of the 
L.S.Z. Weyl operator associated to the meson field exist. Due to these results, we can 
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define the vectors ipQ^ m ^ (omitting k±,t, a) obtained by applying the L.S.Z. Weyl 
operators, with smearing function <p, to the total set of R lout ( in ) . The norm closure 
of finite linear combinations of the ipQ^ m ^ is a reasonable candidate for the scatter- 
ing subspaces H° ut ( m ). The meaning of this definition is in the characterization of 
the H out ( m ) states, in terms of quantum numbers of the asymptotic variables which 
are defined on them: the asymptotic meson Weyl operators and the asymptotic nu- 
cleon mean velocity. 

The spectral restriction on nucleon velocity (strictly less than 1) and the conse- 
quent restriction of n out ( m ) a s subspaces of H are in accordance with the partial 
non-relativistic character of the model. 

In theorem 5.1 the vectors V'gTm'"^ are constructed. In theorem 5.2 we prove the con- 
vergence of continuous and of compact support functions of nucleon mean velocity on 
the vectors of H° ut ( m ) m The corollary 5.3 is a check of the fact that the strong limits 
on n out ( m ) of the L.S.Z. Weyl operators generate a canonic Weyl algebra J \ out ^ in ) ; to 
which a free massless scalar field is associated . 



Definition of the vector '0rw"l n - 

I apply e~ za F 'e~ lHr to the generic vector V'™* , constructed in the paragraphs 4.1,4.2,: 

g— ia-P Q—iHr ^pout _ 

= S-lim^ +00 e -P e -fflr el ffi E #) ^ (v .^ e i 7ff( ( Vil V^«(P) 1 t) e -iB'«(t-r) e -iE'*r^(0 = 

pi a(k)e ik - a e i l k K' + T )-c.c. d 3 k 

= S -lim t ^ +00 e ifft £t ( l )e '"'K'H ^ e ^H,(vi.V^H,(P),Hr) e - j a.P e - i E^ + , te _, B ^ + ,^(H,) 

The limit exists and the proof is similar to the one given for i^q 1 *, apart from some 
little marginal differences. Then I define 



,out(in) _ -ia-P -iHT.i,out(in) 
TC,/ti,T,a = e e Vg 



The subspace of minimal asymptotic nucleon states is n lout ( m ) = V V^Ki^a- Later 
on I will simply call the total set that generates n lout ( m ) . 



Theorem 5.1 



88 



The strong limits 



a - Um t ^ +00 e lHt e< aM+aHipt) )e- lHt iP° G ut = ^ 



exist,where (p (k) e C °° (i? 3 \ 0), ip t (y) = / e ~^y+^\t^ (k) d 3 A; and 
at( v ,)^(a( V ,)) t = aa(k)^(k)^) t 



Proof 



The convergence follows from the integrability of the norm 



dl e iHt e 



( a Oi) + at (<^t)) ( 



dt 



out 
G 



out 
G 



< 



< 

+ 

< 



e < a ^*) +a+ M^ ( x , t) e-^Vc* - ^(^^^^(x, i) e - <H Vo (*) 



+ 



< 



d 3 k 



ip(x,t)e~ mt (r G ut -^G(t)) + ^(x,t)e- <H VG(*) 
where <p (x, i) = -ig J (y (k) e *M*-*-* + ^ (k) e -*M*+*-x^ 

Both norms on the right hand side are bounded by quantities of order -^y , p' > 0: 

• the first one because sup x \tp (x,t)| < f and - (0)11 < § ( M and 
C are constants) 

• as regards the second one, starting from the identity: 

y? (x, t) e~ im ^ G (t) = cp (x, t) W at (v h t) e n CTt (v.v^(P), i)e -^^W t = 

= E^f W at ( Vij t) ^ (X, *) e >7,(v.,VE.(P), t ) e -, E ^ J G ( p) = 
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= E2? W at (y it t) <p (x, t) (l r< (P) - X® (V^% t)) e ^ t (v«,v^*(P),*) e -^«* ^ G (P) ^rf^ 

(33.1) 

+ ES? W„ (v 4j f) <p (x, t) ( X W (X7E at ,t) - x g (|, *)) e ^ t K,v^(P),t) e -^ ^ G (p) 

(33.2) 

+ E£? W, t (V„ t) V? (X, t) *<? (?, t) e *7-*(v 4 .V^*CP),*) e -iE-« J- G ( p) ^^Sp 

(33.3) 

I exploit lemma Bl for 33.1, lemma B2 for 33.2, and Huygens principle in order 
to estimate sup x ip(yL,t)Xv} (f'*) m ^ ne expression (33.3). 



The scattering subspaces H out ( m ) = y tf^ 17 ^ are invariant under space-time transla- 
tions because the subspaces H lout ( m ) are invariant. 



Theorem 5.2 

The nucleon mean velocity functions /, which are continuous and of compact sup- 
port, have asymptotically strong limits H olt *; in particular: 

s - lim t ^ +00 e iHt f (f ) e~* m i>% = where / (P) = lim^f {VE° (P)) 

Proof 

It is sufficient to prove it on the vectors iftcfy, for functions / G Cq° (-R 3 ). Ex- 
ploiting theorem 5.1 and the uniform boundedness in t of the operators / (^fj and 

e iHt e i{a{<pt)+<J{<pt)) e -iHt WQ obtain 

s - Um t _> +00 e iHt f (f ) e- iHt i/>ff v = s- lim t ^ +OQ e iHt f (f ) e i a (ft)+aH Vt )) e -iHt^t = 
= s - Um t ^ +00 e iHt e< a(lpt)+aHlpt) )f (f ) e"^ 



LOUt 

J G 



= s - Um t ^ +OQ e iHt e l ( a ^ t)+a]{lpt) )e- lHt il) out ~ 

G-f 

(the last step is proved by the technique used in lemma B2) 

The extension to all of H out is automatic since / (^fj is uniformly bounded in t 
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and moreover the set V^g"^ * s a dense set in H ou< , by construction of W ut . 
Corollary 5.3 

In the space H out , the asymptotic meson algebra A out is defined as the norm closure of 
the *algebra generated by the set of unitary operators {W out (/i) : Jl e C£j° (R 3 \ 0)} 
constructed in H out as follows: 

W° Ut (a) = S- lim e iBt e i(aOH)+aHlH)) e -iHt 

(34) 

The following properties hold: 

1) the generators {W out (/z) : Ji e (f? 3 \ 0)} satisfy the Weyl commutation rules 
W u * (/i) W out (r/) = W ou * (77) VF 0Ui (//) e - h ^>") where h (//, 77) = 2ilm / p, (k) 77 (k) d 3 *;; 

2) for each fixed region R 3 \ O a where O a is a ball of radius a ^ , centered in 
the origin of i? 3 , the group of the operators W out (//), where /j G (i? 3 \ O a ), is 
strongly continuous with respect to Jl in the L 2 (i? 3 \ O a , d 3 &;) norm; 

3) given the r-evolved generators: 

W° ut (fl) = S- lim^+oo e iH(t+T) e i*M+aH„ t )) e -iH(t + T) = W out (35) 

it is uniquely defined an automorphism a T of A out starting from ot T (W out (//)) = 
_ yyout r ) Therefore, being /i_ T the test function fj, free evolved in the time r, 
we can conclude that A out is the Weyl algebra associated to the scalar massless field. 

4) the algebra A out commutes with the asymptotic nucleon mean velocity defined 
through theorem 5.2. 



Proof 

The existence of s - lim^ +00 e iHt e i{a(^)+aH Pt )) e -iHt^out^ ig substantially the con- 
tents of theorem 5.1. The bounded operators W out (y), defined on the dense set 
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{V^g^} °f H 0?t ', can be linearly extended to all of W ut by continuity. They leave 
the space H out invariant and they are unitary in H out . 

1) On the vectors in W u \ W out (fi) W out (77) is the limit of the product of the ap- 
proximating vectors (34), at the same time t. The last ones satisfy the property by 
construction. Therefore, the property is satisfied in the limit. 

2) It is sufficient to prove that W out (fi) is strongly continuous with respect to p, 
if it is applied to the total set {V'g^} 1 

- W out (li) iftft, = s - lim^+oo e^e^^^^e-^Vcv (*) 5 

- at fixed t, the vector e I (°' ft ' +a ' e~ tHt ipG,<p (t) is strongly continuous with respect 
to ii 6 C °° (R 3 \ O a ) . This is due to the fact that 

e i(a( Mt )W(M t )) ( v . )t ) e i 7fft (v i) V^*(P) ) t) e -i^*^*) ( = 

= E2? (V,,t) e <^)+« t (w)) e -fc(^,Cv^ e i 7fft (v i) V^*(P) ) t) e -iB'n^W 

where f v = — iq a x<7t - — - and because ^.-^ is in the domain of the generator 

of A**^™). Being jl t G (i? 3 \ O a ) and p t || i2(R 3\ 0aid a fe) = MIl^o^ 
the vector is strongly continuous (with respect to fi) uniformly in t. 
Since ||Vy ou ' (fj)\\ = 1 , the property holds for each vector in W ut . 

3) The r-evolved generators e lHT W out (//) e~^ r are well defined because e - iHT : }i out — ^out 
By inserting the expression (34) for W out (li), we arrive at the (35). The Weyl com- 
mutation rules are conserved by a T since 

h (fi-r, T)- T ) — 2ilm J /J (k) r) (k) d 3 k = h (fx, rj) 



4) Such a property is implicit in the construction of the asymptotic nucleon mean 
velocity (theorem 5.2). 
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APPENDIX A 



Preliminary remarks to the lemma Al 

3 + 1 

Like in lemma 1.4, it will be proved that the operator (AHp) 6 j+2 = 

= H w j+2 + cp (j + 1) — cp (j + 2) — H w j+1 ip™ 1 ^ is small of order 1 with respect 

P,£-2- P, £ T- 

to j+i | F + in a generalized sense for g sufficiently small. We aim at expanding 

P,e^~ ^2+2 

the resolvent 



H» j+2 -(E(j + l)+c F (j + 2)-c P (j + l)) 



(E(j + i) eCs.t. 



- - il^l, cp (j + 2)-cp (j + 1) = -g 2 f$ 



20 



2+1 



111 



terms of RW ^ l E[j+1) lF+. +2 and (Atfp^i+2 



2|k| 2 l-k-VE' 



2+1 



T~T~ 



I will only treat the case P = 0, where the difference operator is written (AH w y j+2 = 
= ^- +2 +c0' + l)-c0' + 2)-fn + i • 

In the case P / the steps are analogous and well defined since the module of 
V ' E° (P) is uniformly bounded in a by a positive constant less than 1, for P G S 
(see lemma A2). 



Lemma Al 

2 + 1 

Given the spectral properties in the beginning of paragraph 2.1, (AH w ) e j+2 L+ is 

e 2 j+2 

small with respect to H w j+1 for values of g less than a proper g and P G S, in the 
following sense: 
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given E (j + 1) e C s.t. 



E(j + 1)-E* 



3 + 1 



lie" 



i+2 



20 ' 



1 



tf"^ -(S(j+1)+c(j'+2)-c(j+1)) '^+2 

1 



H™ +(A^«-) E ^ 2 - c (j+l) +c (j+2)-(£(j+l)- c (j+l)+c(j+2)) « 



i+2 



3+2 



3 + 1 



^ i + i +(A^) E 2 |2-£(i+l) e " 

where 



H w j+1 -E(j+1) 



(AH 1 



3 + 1 

ve^ 3- 1 

H™ j+1 -E(j+1) 



S J+2 



F+ 
r i+2 



< C (g, m) < ± . 



Proof 

Like in lemma 1.4 we can state 

^3 + 1 



H^+i -E(j+1) 



i+i 



V x / I H w .,, -E 

\ 3 + 1 



3 + 1 



(AH w ) e 



i+2 



Study o/ the norm of ^ E(j+1) {AH w ) e ^ RW ^ l E(j+1) 
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i+i i+I , . 

(AH-yZ = -jl rZ ^ (b (k) + fot (k) ) ^ . n ^ + 

-n 2+1 • £ PZ ^ (b (k) + 6 t (k) ) ^ + £_ ^ ( 6 (k) + 6t (k) ) 

Making the calculations we have: 

( 3 + 1 \ 2 j+l j + l 

eV >/2|k|* V V 7 V V y 2m^*J e V V V | k | v /ij k ] J e V V ^ |k| v /2|k| 

,2+1 .,2+1 

+f- E< fcW (k) fc*&t (k) -^£=+ 

2m ^J £ 2+- v ; |k| v /i|kf J e V v ; Iklv^W 

,2+1 „ 1+1 , , 2+1 , 

+t e, s% v» ( k) ^ jjf k % ( k) ^ + fc r z y 



We have to examine: 



1)^ 



2 

2m 



3+1 



J+l 



d 3 k 



if' 



i+i 



J+2 



2)^ 



3) 



2m 



i 



4^1 -2- 

^/ 4m 



^3 + 1 -B(J + 1) 



i+i j+i 

fZ k% (k) d * J e Z Wb (k) . . . , ., 



1 



i+2 



j+i 



w < k >^^ ,6, < k >^i«- J+1 -* «> 



J + 2 



J + l 



re~2- df_k I 

J e 2+2 | k | fl» +i 



J+2 
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5)& 



6) JL 



H' 



, +i ^ (J+1) • k* (b (k) + &t (k 



(2 3 k 



1) 



i+2 



F+ 
p i+2 



In order to control the above quantities, I will use the following estimate again and 
again 



2 + 1 



Iklv^k] \H*> j+1 -E(j+l) 



< V407T • e 2 ^ 







J+2 



which is proved like the estimate (4) of lemma 1.4., by performing an unitary trans- 
formation. 



I study the quadratic quantities (1,2,3,4) and then the mixed terms (5,6) which 
contain the II j+i . The following estimates are worked out: 



1) 



3+1 



| k | n+i -w+v 



< 



3+2 



< 



3 + 1 



rz (k) 



d 3 k 



|k|V2|k| 



3+2 



3 + 1 



f3 + 2 fc*6(k) 



Ikl^ H*>. +1 -E( j+ 1) 



if the norms on the right hand side exist. 



Note that 
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3 + 1 



|k|V2|k| 



3+2 



3 + 1 



J e 3+2 fc*6(k) 



d 3 k 



|k|V2|k| 



lit 

2 



the norm on the right hand side is controlled like 

cC A k 



3 + 1 



3+2 



3+2 



In conclusion 



9 

2m 



\ 2 

H^+i -£(7+1) 



< 



3+2 



< C\ (g,m) ■ e + * 



2) 



3 + 1 



3+1 



< 



3+2 



< 



3+1 



J e 3+2 Pfe(k) 



|k|V2|k| 



^ 3+2 



3 + 1 



/ e 3+2 fc*6(k) 



Ikl^ H*>. +1 -E{j+1) 



F+. 



3+2 



if the norms on the right hand side exist. 



3 + 1 



I evaluate the norm of f fc'&t (k) — ^= 
Given ^e^fl i^ +2 : 



in t 

2 



restricted to 



3+2 • 
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/VST fcW (k) -*^L= 



lit 2 

2 



( 



V 



, (k) — 



I 



I 



lit 

2 



H w j+1 -E(j+1) 



+ 



V 



k i b (k) -^9= 



II t 



H w j+1 -E(j+l) 



+ 



H™ +1 -E(j+1) 



H w j+1 -E(j+1) 



< 



Then 



2m 



) i+l i+l 
/VST A; l 6 (k) — *^£- /V^T A; l 6 (k) — *^£- ( ^ — 1 -^ r - s 
J e V V ; |k| v /2W J eV V 7 |k|v^jk| yH^-E(j+l) 

< C\ (g, m) ■ e5 
3) 



< 



i+2 



H 



a k I i 

Ikiv^k] Uj^-eo'+i) 



< 



" J+2 



< 



™ — WtttI /v£ fcW (k) -*^= 

"■+1 I J £ V V ; Iklv^R 



i+2 



i+2 



the norm 



H™ j+ i ~E(j+l) 



i+i 

fc'&t (k) 

J e V v ; |k| 



was treated at point 1); 



F+ 
p i+2 
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the norm 



3+1 



rz (k) 



can be controlled like the 



F+ 

P 3+2 



norm 



2 + 1 



rz wtf (k) 



|k|V2|k| 



nt 

2 



H w j+1 -E(j+1) 



studied at point 2). 



F+ 

r 3+2 



In conclusion: 



JL 
m 



2+1 2+1 



< 



2+2 



< Ci{g,m) ■€* 



4) 



4m 



2 + 1 



#"+1 -S(j+1) J 



d 3 fc I 1 

W 1 #™ +i 



2+2 



3 + 1 



g 2 f^ -3- dffc 
~ 4m J 4 s l k l 



H w j+1 -E(j+1) 



< C\ (g, m) ■ ei 



F+. 



2+2 



5) 



9 

2m 



d 3 fc 



2+2 



5A) 



/2m 



2+1 



fl^+i -E(j+1) 



n% +1 • jV 2 fc*6(k) 



d 3 k 



|k|V2Tk| H" j+1 -EV+l) 



< 



F 



2+2 
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< 



/2m 



H W J+1 -E(j+1) 



TT* 

11 3 + 1 



3+2 



3 + 1 



J e 3+2 A;*&(k) 



d 3 k 



IkiV^M ^3+i-^0+i) 



i+2 



if the two norms on the right hand side exist. 



In order to prove the existence and the bound of the second one see 1). 

As regards the bound of the first one, we can start from the equality (verified "a 

posteriori" thanks to the existence of the norm on the right hand side) 



1 



n\ +1 



H w j+1 -E(j + 1) e 



and from the estimate (ip G D b f] F + j+2 ) 











F+ 

3+2 





1 



II t 

2 



H» j+1 -E(j + l) 



F+ 

P 3+2 



1 

2m 



( 



in t 

2 



1 



B w j+1 -E(j+1) 



1 

2m 



TP 

11 3 + 1 



V 



In t 

2 





t ^ 




)'] 




< 




J 





— 2m ^ 
( 



17* 

11 3 + 1 



II t 

2 



Hw j+ i -EU+1) 



<p,W 



3 + 1 



< 



in t 

2 



H w j+1 -E(j+1) 



<p> (^•n 2 3+ i +^ 



H w j+1 -E(j+1) 



< 



< 



<p, [H W J+1 -c(j + l) Us-i 



V 



3 + 1 



( I used the fact that |c(j + 1)| < land 
5B) 



3 + 1 



<1) 



<*IM 
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Commuting and exploiting the properties of the norm we have: 



H w j+1 -E(j+1) 



n\ +1 -/V^ fc*6t(k) 



d 3 k 



Iklv^kf -BO'+l) 



< 



i+2 



< 



+ 



3+1 



H^+i -E(j+1) 



H w j+1 -E(j+1) 



I e S W ( k ) 7rrfe ni ^ 



|k|V2|k| 



7 + 1 



fl^+i -E(j+1) 



+ 



^ 3+2 



\% (vy &t (k) 



d 3 fc 



Iklv^k] ^, +1 -E0+l) 



i+2 



i) the term 



H W j+ i J -C5 ^ ^ Ikl^k] 11 ^ I - B 0-+!) 



i+2 



can be controlled by 

ii) the term 
is bounded by 



3 + 1 



" W 3+i ~ E U+1) I ' W ^ ^ |k|v|k| I ^+1 -SCi+1) 



i+2 



i+i 



/S(fc*) 2 6t (k) 



ikiV^kT -EU+i) 



i+2 



3 + 1 



H w j+1 -E(j+1) 



3 + 2 



3+2 



3 + 1 



that is of order 



Summarizing: 
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< C\ (g, m) ■ ^ = C l 5 {g,m) ■ e 2 
6) 

It is controlled like the expression 5) 
Conclusion 

If g is less than a limit value g , the e 2 ^ - — independent constants Q (g, m) , , C\ (g, m) 

can be tuned in order to arrive at the thesis. 

Lemma A2 

Results about VE a (P) where P G S: 

1) |V£ CT (P)| < v max < 1 Va ; 

< C (g) • e~ for g sufficiently small and uniform in j; 

3) V^ CT (P) and --J-^ fe,n P>o 0|) converge for cr -> (for the definition of P 
see chapter 3 "Spectral regularity"). 

Proof 

1) \VE° (P)| = [M^pilJ < . 1 . |(^,i7 P)CT + 2^ 2 ^p)P < 1 
since, according to the initial hypotheses, we have 




2) 



V£ e ^~ (P) - VE e ^ (P) 
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H r^-fpa < l(V>o,#P,^o 
||V> P || 



Ef. < I 

2m — 2 



p ^ 4 



2) 

The property to be proved is involved in the proof of theorem 2.3bis. We assume an 
implication of the inductive hypothesis 



< 



< 



^ j + 2 j + l 

bp -tpp 





^ J+ 2 














3 + 2 


3 + 1 


2 



















+ 



< 



< 3 



^ 3 + 2 3 + 1 



< 



( by induction, from theorem 2.3bis ( case P ^ 0) we have: 



Uh\\ < 



~ 3+2 






+ 



^ J+2 2+1 



+ 



^ 3 + 1 2 + 1 



+ 



+ 



2+2 



> ||*|| - («* + A + .... + «*) > 1 - (^) > ^* > |) 



Let us analyze the difference between the gradients of energy. 



3 + 1 



3 + 1 



+ 



J rr^ > 5 / V f :w k - 7 (b (k) + & f (k)) cPk^ 



2 f K 



2 1 k | 3 1-k-VEJ, 
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= p - 



while 



9 r K 



2|k| 3 



1-k-VEi 



rd 3 k 



mVE^ = P 



then 



3 + 2 ^ ^ j + 2 

p , n j+2 4>p 



-9 \j- 



2 1 k | 3 1-kV.Ep 



mVE^ 



2 1 k | 3 1-kV.Ep 2 



i±2 ^ ,~. i+2 

^p 2 ,n pe2 +2^ 2 



2+1 



e 2 



i+i 
J+ i0 P 2 



2|k| 3 ^l-kVB si2_ ^ 



T d 3 k 



(a2) 



J c 9 



3 + 2 ^ j + l \ / ^ 2+1 ^ j + 2 

k| -k-VEp 2 +k-VBp 2 I I 2-k VBp 2 



/ ^ 3 + 2 \ 2 / ^ j+1 \ 



3 + 1 

2 r 2 



2|k| : 



2 ^-d 3 k—g 2 f j+2 



2|k| a l 1-k VBp^ J 



,n 



^ J+ 2 




3 + 1 


0p 2 




^P 2 











3 + 1 


0p"^~ 







i±2 

,n j+2(pp 

P,£"T 

!>p ,n 3+i<^>p 

P,e 2 



~ 3 + 2 




3 + 1 






P 2 



_ 3 + 2 3 + 1 

t>p~ ,n 3±i0 P ^" ) + 



3 + 1 3 + 1 

,n 3+i0p 

P,e 2 



Considering that 



TT 1 — TP 

11 j + 2 11 j+1 
P.e-2 - P,e~2— 



3 + 2 ^ 3 + 1 \ / ^ 3 + 1 ^ 3 + 2 

fc l I -k-VE'^+k VE'" 1 " ] I 2-k Vfi'" 1 " -k-VB: 



_ „ r«X fc-(Kk)+tt(k)) 3/r , 9 2 r« _V A / JSj. 

--ffJ l+H / 3+IY d fc + T J c 4^ z - ^ 3+2^/ 3+TT^ d k 

N/2|k| 2 I J 2|k| 3 I 1-k VBp"" 2- J I 1-k VEp"^ - 

the equation (a2) can be written in the following way 
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mV-EfT 5 " - mVE^T + g 2 J"l+i 



-k-VBJ, - J ^2-kVEJ, -k-VBJ, 
j + 2 \ 2 / ~ j + 1 \ ^ 



/ ^ J + 2 \ ■= / ^ 3 + 1 \ 

2|k| 3 I ) I 1-k VBJ,"" 3- ) 



d 3 fc+ 







3 + 1 








^ 2 







j+2 3+1 



3 + 2 ^ 3 + 1 

k| -k VE'^+k-VE'" 7 " 



^ 3 + 1 ^ 3+2 

2 - k ■ V EfT 5 "" - k ■ V EfT 3 "" 



7 " 3 + 2 \ 2 / ~ j + l ■ 

2|k| 3 l 1-k-VSf, 2 ) I l-k VE|, 2 



d A k 



7TT 



1+1 ^ , 

tip ,11 3 + 2 
P.e - ^— 



3+T 



TT2- 



3 + 1 
II 3 + l<^P 



/ ^ J+2 \ 2 



2|k| 



^ 3 + 2 




3 + 1 















„ 2+2 £ ^ 



T7 — ~ jt+y" 

V^|k|7 i l-k v^i, -3- ) 



On the left hand side of the equation, there is a quantity whose module is bigger than 

j+l j+2 

for g — ► 0, where C is a positive constant that is uniform in j 



C 



and 



V£f> 2 -V£f> 



converges to m for g — > 0. It is due to the result in point 1). On the right hand 
side, there is a quantity whose module is bounded by a g— dependent constant times 



j+i 

e s . Looking at the proof of theorem 2.3bis, the norm 

3 + 1 



3+2 



3 + 1 



is of order 



e s (the multiplicative constant, which is uniform in j, gets smaller by reducing g) . 
Moreover the following bounds hold: 



\/2|k|2 ( i k-VE 

3 + 1 

9 -C? — 

V2|k| 2 ( l-k-VB| 



- J + 2 

— — 

V^|k|2 1-k-VEi 



7+ry^ 



^,|k|Ht (k)^ 2 * 1 ) d 3 k< 



<9 



+i 

e 2 

+ 2 



(^) 2 



2|k| 4 1-k-V-EJ, 



rd 3 k 



i>|> 2 ,H mes ^ p 2 



< 
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<9 



3 + 1 



V 



2|k| 4 l-kV£|, 



T d 3 k 



3 + 2 ^ 3 + 2 \ 2 

^ ,H mes cj>^~ I 



<5 



J e 2 



2|k| 4 1-kVEi 



j+i 



?d 3 k 



cp (j + 2; 



_ 3 + 2 ^ 3 + 2 \ 2 



n* 



3 + 2 VP 
P,e 2 



< v 7 ^- Ef^~ - c P (j + 2) 



n ' j+i 

P,e 2 



< V2m- Ef^~ - c P (j + 1) 



Having established the bound 



j+i 



J+2 



< C (g) ■ e 3 s for g suf- 



ficiently small, the j uniformity of C (g) follows from the inductive procedure and 
the related tuning of the constant g . About the last point I do not give the details 
but a substantially analogous procedure is used in theorem 2.3. In conclusion the 
result is that for g less than a proper g, the thesis of the point 2) of the lemma is 
proved jointly with theorem 2.3bis. 



3) 

The convergence of VE a (P) and of * ^ (d)p,Hp j0 (p^] follows from the convergence 

1 1 ^F* 1 1 

proved in theorem 2.3bis. I will prove the second limit only. 



I estimate the difference 







p 2 



P 2 ,np,^ 



0? 



np,^ 1 



I recall the definition of </> P : 

j+2 j+3 j+2 2 

given a between e 2 and e 2 ; it can be written as e 2 where e = <7>+ 2 {e : e > e > e 

~ / J+2 , j+2 

and it can be defined P = ^p^" 2 ", where we obtain <p F ^^~ by iteration starting 
from the cut-off e'. 
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I rewrite 0p — <pp in the following way 

1+2 1+2 
0p 2 - 0£ = <Pp 2 - ^p 2 ^ 2 ^ + 0p 2(CT2) ^ - 



m+2 m+2 
^ l(9l)_r " + 0p l(CTl) ^ - ^p 1 



Now, fixed an arbitrarily small S, there exist 1(5) ,m (5) sufficiently large and a 
phase e ir?( ^ such that 



A e 2( <T 2) 



1+2 



l("l)" 



m + 2 



1+2 


g -,v 


m+2 


^2(^2) 




^, l(ai)_!r " 









< 5 



This is substantially due to the convergence stated in the theorem 2.3bis and to 
the unicity of the ground state till there is a cut-off, by construction. 



Then 
Since 



is bounded by a quantity of order <t| + erf + S. 



' np ^ ? )-ii^F(^' IIp ^) 



£ 2 1 



p ,np i(T2 P 2 



we can conclude that the limit exists by exploiting the bounds (from above) showed 
in point 2). 



Calculation of H 3+2 . 



s/2|k|2 l-k-VS« 2 (P) 2|k| 3 ( l-k-VS« 2 (P) 
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P 2 I pmes T« k(fc(k)+bt( k )) 3 o p 

I F "^l 1 ^ 3 7 ~ HI V dk + 9 J e 2+1 7—7 2+1 \ 

\/2|k|2 I l-k-VE 1 2 (P)J 2|k| 3 l l-k-VE' 3 " (P) 



— r*<™ I + 

2 1 



+ |k| - k • V£ E ^~ (P) b* (k) 6 (k) d a fc - g 2 /"i±2 



T - ^ zp — \ 

2|k| 2 I l-k.VE'^ (P) 



2^7 n J+l -g fj+2 



\/2|k|l |l-k.V£' 2 (P)^ 



E ^ (b (k) + bt ( k )) d 3 k + g 2 J K 3+ 2 



3 + 1 



1 1 vp ,n 3+1 ftp 



\ 



2|k| a I l-k'V£ lT ^ (P) 



7+1 TT« 3 fc I + 



7 ~ ~ V 1 

2|k| 3 ( l-k'VB' T (P) 



d 3 k 



ne 2 



• I II 2+1-5 / i+1 

P ' £ £ V^|k|5 I l-kV-E £_3_ (P) 



<- (6 (k) + ftt (k) ) d 3 fe + g 2 p 



f ~ 2+1 \ 7 
2|k| 3 I l-k.VB« T (P) I 



+ / °° |k| - k • VE^ (P) fct (k) 5 (k) d 3 fc _ 5 2 J« 1 ^ 

V / £ 2|k| 2 ( l-k-V£< 2 (P) 

/ 



d 3 k : 



1 

2m 



n i+ i - 

P,eT~ 



3 + 1 3 + 1 

p f 3+1 <^ P 

P,e 2 



V 



3 + 1 



3 + 1 

-gj'tp ----------- 

V^lkl 2 I 1-k VB' 2 (P) 



k (" (k)+6t(k) ) Sk + g 2 ^ 



( ~ 2+1 \ T 
2|k| 3 I l-k.VB<^ (P) 



+ / °° ( |k| - k • V£ e41 (P) ) b* (k) b (k) d 3 fc - g 2 / K 3+2 



TP 

2|k| 2 I l-k-VB c_2_ (P) 



1 

' 2m 



,4i 



t 1 <pp , n 3+1 



2 r K 
' _±i 

e 2 



2 1 k 1 3 ^l-kVE'" 5 " (P)^ 



p2 

2m 



APPENDIX B 

Preliminary remarks 

In the next lemmas I will consider an implicit hypothesis which is not proved in 
the spectral analysis but it is physically reasonable: 

for P G S , there exists a constant — (m r means renormalized mass) such that the 
following inequalities hold, uniformly in a > 0: 
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hypothesis Bl 



9E°(P) > J£i 
9|P| — m r 



and 



d 2 E°(P) > J_ 
d 2 \P\ — m r 



Starting from this hypothesis, we obtain that the application J CT : P — > V-E" CT (P) 
is one to one and that the determinant of jacobian satisfies the inequality: 



( I recall that the function E a (P) is invariant under rotations and that it belongs to 



Then, given the region Ove° and the corresponding Op = i a l (Ove°) Op C S, we 
have the following relation between their volumes: 



Remark on the notations 

As in the previous chapters, I use the convention to generically call C the constants 
which are uniform in the variables we are treating. The bounds are intended from 
above, up to a different explicit warning. 

Definition 

As anticipated in the paragraph 4.1, the function Xv] (VE at ,s) has to approximate 
the characteristic function of J at (Tj) for s — > +00 (where s is bigger or equal to the 
t (>> 1) of the partition, the most general expression is Xvp (V-E CTt2 ,s) where the 
constraint is s > t±). In particular, in order to approximate the region J at (Tj) from 
inside, I define x$ ( VS"' , s) = EiX^L (V£ CTt ,s) where supp v e^x^I {^E at , s) C 
suppj at (Ti) and where the Xvf^ (V-E ,f7i , s) are constructed starting from the "model" 

l(i) 




C°° (R 3 ) , see [2]) . 



Vbp < m 3 r V Q . 



function 



X 



l(t) (z, s) = xT (zi, s) ■ xT (Z2, s) ■ xf ] (^3, s) 
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through a translation which sends the origin of the coordinates V 'E Ut space in 
v z(«) £ J a t (r"i). Note that the support of J at (r,) has a volume of order In 
order to have a well defined XvJ ( V-E 10 "* , s) two requirements are necessary: 

- the inequality 5 > 6e 

- a finite scale factor (related to m r ) for the variable Zk in the function xjf 1 (zk,s). 
To simplify the notations I will assume this factor equal to 1. 

It comes out that the Xvf?-, (Q> s ) have a behavior similar to 



X iW (q,*)=xi w (?i,^)-X2 W fe,^)-X3 W (fc,* 



Mt) 



l(t) 



Mt) 



where xt^ (<lk, s ) ^ s ^ 
and then 



cos q k 



1 1 
— 3 T 

2sS s 2 



IT 



-cos <? fe 



2sS 



/ X m (q, A < C ■ e C x Kt) (q, *) A < C • J • ^ • s 



from which 



/ (q, «) | A < / (q, *)| A < c • g • s^i -s 3 l<c- 
|x<? (q, «)| ^ < E« r Ix^ (?, *)| d 3 q < c 



L 3 

F 7 



. S * 6 L . s 2 < (7 . A 



„2<5 



Lemma Bl 



The norm 

4- • r e . 



(l rj (P) — Xv] (VE" 7 ' (P) , s)) Vz> 4 i s bounded by a quantity of order 



Proof 



I define J" 1 (O^t) = |P £ 2 : V£ a > (P) G suppxg (V£ CTt , s) cmdxg (V£",s) ^ l}. 
Taking into account the definition of (V-E CTt ,s), the definition of the applica- 
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tion J CTt (J CTt (P) oc P) and the hypothesis Bl, the volume J^ 1 (Oy BCTt ) is bounded 
by a quantity of order \ ■ t~ 3e . On the other hand, the volume of the region 

suppJ at (Ti) \ suppvE°tXv' > (V-E "*, s) is bounded by a quantity of order ■ t~ 2e . 
Therefore: 

| (lr, (P) - X« {VET* (P) , a)) ^ f = f Ti |l r , (P) - X« (V£-, S )f |G (P)| 2 ||^ t f d 3 P < 

< C • 4 • t" 2e 

from which the thesis follows. 
Lemma B2 

In the constructive hypothesis fixed at the beginning of chapter 4, we have 
|/ X$ (q, s) (e- iq ' vs<Ti - e-^-f) ^-^(P^n^.vi^)^ | < 

< C • S-TT2 • s 2<5 -¥ • (In(a0) 2 

(C is the same constant for all the cells and it is uniform in the partitions). 
Proof 

/ X$ (q, s ) (e- iq ' v ^ - e-^f ) rf3 ge -^ CT *(P) Se ^( v - VECTt - s )^£ t | = 
Jx^(q,s) [(e- <q - VB< " _ e <^ t (p)-^(p+a)) s _ el ( B -t (P) _ B - t (p + s)) s ^ e _ iq . f 

< (q,s) (V^^ - e <^(P)-^(P+f))^ d 3 ? ^ ( (v„V£% S )^) + 

/ Xi? (q, s) e < £CTt ( p )- £CTt ( p+ f )) s (e-^-f - l) (pqe^^^l 



+ 



! 3 ge i7<7 * (vi,VB"*,s)^(t) 

i) 



i) 



/Xg (q, s) (V^ VECT < - e <(^(P)-^*( p +f))») d3g e ^«(vi.v^,-)^ 



(t) 
ft 



< 
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< c ■ 



C • S£ *t (q s ) ^ + c ■ C 



r 



in 



— — 



d 3 q 



It follows for these reasons: 



• being the energy differentiable: 

sE at (P) - sE at (P + f) = -q- V.B' 7 * (P') where P' is such that |P - P'| < 

• for the lemma 3.3: 

\VE at (P) - VE at (P')| < C • |P - P'|^ < C 



• /|xi?(q^)|^<c- s 2<5 

tf»\%}{<l,8)\tfq<C-\.s" 
Then the term i) is surely bounded by a quantity of order 



< 



+ 



+ 



(q, S )e< £<Tt(P) - Bfft ( P+ ?)) s • (e-^'f - l) ^ge^t^.v^,-)^) 
JcT X<? (Q, *) e^C)-^^?))' ■ ( e --f - l) dV^vi^tyW 
IX (q> s ) e<^ (p) - SCTt ( p+ ^)) s • (e-*-? - l) d3 ge ^«(vi.v^,-)^W 
first term of (b2) 

ir X« (q, «) e *(^CP)-^(P + ?))- . ( e -*,-= _ x ) e^M-v^)^ = 

ir X« (q *) Jr, e*(^CP)-^(P + ?))- . ( e - q - _ i) G (P) eM^^^p^ 
Jo * (q, ^) / ri e< ECTt ^- ECTt ( p+ ?)) s e-^?G (P) e^( v< ' VE ? > s )^ (7t d?Pd?q+ 
- Xf (q «) / r< e<^( p )-^( p+ ^)) s G (P) e^(-' v ^' s )^P,. t rf 3 Prf 3 g| = 
Jo'* *f (q *) /r< e *(^CP)-^(P + ;))- e -iq-= G (P) e^(^^ P , at d^Pdh+ 



(b2) 
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- J? 4 (q, S) Svi e i^)-E^))s G (p) ^ (^V)^_ ?> ^ 3 p d 3 g+ 

+ Jo * xt? (q, 5) / rj e *(^CP)-^(P + ?)). G ( P) e - ( Vl ' V£ -l' s )^ p _ ? CT ^3p rf 3 g+ 

- Jo * xf (q, «) Jr, e<^(P-f )-^(P)) SG (p _ H) e - ( v «' VJ SV)fc,_ ? „ t dW ? + 

+ xf (q, *) J ri e ^(P-?)-^(P»-G (P - f ) e^Kf'l^H, „ t dWg+ 

- Jo * X? (q, *) / r< e^^-^^+f))^ (P) e^v^^^p^ < 

< Jo 5 " 7 |5$ (q,-)| (/r 4 l«(P)| 2 c^K^-)/p - e^( Vi ' V ^-l' S )/ P _ ? (fc,_ ?i<r ,) 



(b3.1) t 



+/„* 



|/ rj |G(P-f) e ! K t ( p -?)- BCTt ( p )) s -G(P)e l (^( p )- Bfft ( p +?)) s | 2 ||/ P _a (v> P _s, CTt ) || Vp|' 

(b3.2) 

+ /o A |x^ ) (q,«)|{/ 0? |G(P)| 2 ||/p(V'p, CTt )ll^ 3 p} 2 d\ 



(b3.3) 



bound of the term (bS.l) 



< 

+ 

< 

+ 
< 



5 *7- t (v ( ,v^,.) /p _ f (^ p? CTt ) _ e ^( Vi ' V£ p-r s )/ P _, 

J P « (V£ P <) < (V£?) - /p_ ? (w*J (vi£U ) W* ( V£ p <_ a ) ^P-a, 



+ 



p-V* 



p-a W~a CTt 



< 
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+ 



+ 



I P _a ((< (V£ P <) - < (V^_ f )) < (V^_ f ) VP-?,*) 



+ 



The norm 



Jp (w£ (V££) Vp,, 4 ) - Jp- f (v£ p O V'P-f 



is bounded by 



a quantity of order 32 (see theorem 3.4). 



The norm of 

/ P _a {[wf t (V£ P <) - < f (V£?_ ? )) < (V^ 4 _a) ^ 
can be estimated by the norm of 

g f , M^^-J^-i)) ( b(k) _ b t (k) ) _^ Jp q (^ t (vWP-3)U P « CT 

^ Jct * |k| (l-kVE-t (P)) 1-k.VS'i (P-|)) V ^ V^lkf « V * V V W/ rp -?. CT * 

then it is substantially the product of the following quantities: 



9 k- ( V £ CT i (P ) - V -E CT * ( P - 2 ) ) 



d 3 k 



at \V2\k\ 2 (l-k-V£»i (P)) (l-k- VE°t (P- f )) 

it is bounded by C ■ \VE a * (P - f ) - VE ut (P)| • (In (a*))* < 
• (In (cr t ))2 ( see lemma 3.3); 



< C- 



_ 19 
S 20 



r t |6(k) / P _ f « (v^« (p - *)) ^, at )( F d*k 



= c 



/ P _a W* (P-?)) 6(k) 



9Xl t (k) 



V^|k|2 l-k.VE''_ a 





2 \ 











by using techniques like in [2], it is possible to give a bound with a uniform 

i 

constant in t and in s. For our purposes, a bound of order (ln(o"i)) 2 (uniform 
in s) is sufficient. For P G S, it comes from the following formula obtained in 
[2] 
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b (k) Vp, 



2|k| (P) - |k| - tf P _ k „ 



4>: 



For s < a t 39 , the module of 



the module of the difference of the exponents: 



can be estimated by 



Ii{g 2 l 



^ L cos(k-VEp*T-|k|r)-cos^k-V£;p_ a -T-|k|T^ 



07 



dVtd Ikl \ dr 



2JT 



(l-k-Vi) 



2 rof 



< C ■ 

< c ■ 



(l-k-Vi) 



> dr 



< 



1 

s2U 



S20 < C ■ S 112 



An analogous estimate holds for s > a t 39 . 
Summarizing, the term (b3.1) is bounded by 

C ■ (VI)^ ■ s 25 -t-'f + C- (s-i) ^' -s 25 - t-'f ■ \\na t \ + C ■ s'^ . s 2<5 . r f < 



bound of the term (b3.2) 

Being G G C ' (R 3 \ 0) and for the lemma 3.3 applied to 

e i(E-«(p-!)-^«(P)> _ e i(^(P)-^*( P+ a)) a there . s a bQunding with the quantity 
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C-|q| 



.25 ,-2s 



< C-s 



J_ 

' 20 



(s 20^ 



J_ 

16 



.25 



< C-s 



25 - "~ 1I2 - 



bound of the term (bS.3) 

Starting from a difference between volumes, the expression (b3.3) is bounded by 
a quantity of order (^) 5 • s 2S • r e < ■ s 2S ■ t~ e 



second term of the (b2) 
It is bounded by ipfl ■ f + l 



s 20 



oPg then by 



C • S "35 • S 25 ■ t~% 



In conclusion the sum of the terms i) and ii) is bounded by 

C. S -TT2 . S 2S . |l n(7t | -r^ 

having assumed | < — 
Corollary B2 

From the previous proof it follows that for s > t ^> 1 the norm of 

/ „ ,,«.«-!§ f cos(q-f-|q|) rf| q | o fS . s -|g f cos (q. Vfi't _ | q | ) d | q | \ iE *t s jy ( v< ,V£ff , 8 ) , (< 

J <^f S J (l-q-v,) « 5 -W* J (l-q-v.) ° « ^ 6 V V 

is surely bounded by a quantity of order s^ 1 ■ s~Ti2 . s 2<5 . |lncr t | • . 
Lemma B3 
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I study the function (p at ,vi ( x , t) (t >> 1) where a t — ^ and a > 

_J*)wcm 11,1 _ „2 r sin ( Kl ^ x ~ f 

(l-k-Vj) 



vw, (x, t) = <? 2 C / ^ggf dnd |k| = g * j H^-^-M^-^ M 



Observation 1 

I analyze the behavior of <^> au - Vi (x, £) for x£i? 3 . 
region x : |x| < (1 — 77) rj , < 77 < 1: 



2 j, sin^/tik-x— reitj — sin(<7tk-x— ct-tj 



9" 



l-k-Vi)-(k-x-t) 



(l-k-Vi) 



(l-k-vi)-(k-x-t) 



region x : (1 — 77) i < |x| , < 77 < 1: 

^ ( , Vi (x, t) = ^ r; / ^xj^ dnd ik| = ^ sz j cos (k • x - |k| t) ■ e (k, Vi ) <aw |k| 

where f (k, V;) = £ (0, <p, v*) 



r^i — T . Note that being IvJ < v max < 1 

(l-k-vi) 



dcosS 



[£ (0, v,)] <M'); 



3 M>0,M' >0^ £(k,ViJ <Mand 
I integrate by parts with respect to d cos 



- C / 



e i(k-x-|k|t) ! d 



|x| 



|k| <icos 



this is bounded by a quantity of order ^3^. 



In conclusion there exists a constant C, that is uniform in belonging to the region 

| v .| < v max < 1 guch that Vx e ^3 ( X , j < C - 



Observation 2 
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I analyze the behavior of <^> au - Vi (x, t) for (1 — r]')t < |x| < (1 — rj) t, where 

< 7] < T}' < 1. I study the term (b5) (the other term has an analogous behavior) 

JT J e " (|k| |x ; l+|k|t) ■ |k| dy. - J? J g^g^ ■ teld | k | dy+ 



By hypothesis, the following inequalities hold: 
|x| +t > t 

jxj - t < (1 - rj) t - t =>• |x| - £ < -r/£=H |x| - £| > 7/i 
jxj > (1 — 77') t 

I consider, for example, the first term of the (b7) (the other ones have an analo- 
gous behavior) : 

-i (ixi + *)•/? r-^^-^d | k | dv = sts^ (^^)-' J w 1 d | k | op = 

(now I integrate by part with respect to d |k|) 

_ e -i Kr (|x|+t) _ g(7T,y,Vf) , _ r e -»-"-(|x|+t) _ g(7r,y,Vi) , , 
|x| JKl ' J |x| it~ a I 

from which 



|x| " " t|k| U I'M - J |x|(|x|+t) |«i| J |x|(|x|+t) 

i|k|-(|x|+t) ^(Tr^.Vi) 



+ J MTM+*) \^ d \ k \ d( P 

where each term on the right hand side is bounded by a quantity of order 

Conclusion: 

in the region (1 — rj') t < |x| < (1 — 77) t we have that \tp at ,vi ( x , t)\ < C Vtrj > ■ |y (|vj| < 



Theorem B4 
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Taking into account lemma B2, one can prove the existence of 

s - lim_ +00 Q ■ h hj (£) ^e-^$ t = < ( h ) C 

The vectors <f 0) V$ t are in £> (f^J. 

Proof 

In order to prove the strong convergence, we check that the following quantity is 
integrable with respect to s: 

(is 



Formally : 

jA^je^ _ d( e ' H ^ s e -' gmeSs a(fe) e ' gmeS3 e-' H ^ s ) _ 
di ~~ dt ~~ 

= e lH °t s {i Q h hj (k) e^'-^^&dPk} e~ iH ^ s 

The formal expressions are well defined from an operatorial point of view in D (H at ). 

Having defined h (x, s) = \i J^ 1 h id (k) e i(|k|s_k ' x) ^p<i 3 /c}, I consider the Hilbert in- 
equality: 



d(e lJ, °.'a(h)e- H °.') ( t ) 
t i.Gi 



dt 



< 



< 



fc(x, s) (lr ( (P) -xi*? (V^,s)) e-^ s vg t || + ||/i(x, s) (VE^,s)- X ^ (f,*)) e""^.. 



,,(*) 

l,CT t 



+ 



+ 

< sup 



fe(x, S )xi t ?(f, S )e-^ s <' ) 



a* 



< 



ft (x, a) |-|| (l r , (P) - xi* } (V£ fft ,s)) e- iH '*'i/>. 



+sup x 



(t) 



+ 



+ su Pf G J„ t (r s ) 



ft(x,s) • Xv, (f ,s) 
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Because of the results of lemmas Bl, B2 and of the estimate in lemma B3, the 
first two terms on the right hand side are respectively bounded by C ■ s~i2 • Jl££*i . t~ e 
(5 > 24e) and by C-s~ l -s~r& -s 2<5_ ^-(lna t ) 2 (we assume the constraint 2<5+3e < -^). 
As regards the third term, the hypotheses on G(P), (see the note at pag.69) and 
the observation 2 of lemma B3 ensure a vanishing of order p • t~~ , for s — > +00. 

T/ie vectors a%? (in) (h) ^belong to D (H). 

For each s, H at e tHa t s a (h s ) e~ tHa -t s ipf^ t is well defined because a(h s )ijj^l t C D(H at ). 
H at is a closed operator. Therefore it is sufficient to prove the convergence, for 
s — > +00, of: 

H at e iH °t s a (h 8 ) e~ iH ^ s 4% = e iH ^ s H at a (h s ) e~ iH ^ s ^l t = 

= \e lH °t s a {h s ) e - iH 't s E at (P) ^fl t + e iH °t s [H„ t - H mes ,a {h s )\ e~ iH 't s ^l t + e lH ^ s [H em ,a {h s )\ e~ iH "t 

Looking at the first part of the theorem and being [i/ em -, a (h s )} = - f£ a (k) e iWs ^f^d 3 k, 
each term in the above expression has limit. 



Theorem B5 

If for each P in Tj and for each k in supph(k), h(k) = X%\ s ), it hap- 

pens that P + k G S, then 

a out {in) {h) = o 



Proof 



Starting from the spectral decomposition with respect to P operators, we obtain that 

/ a°"' (k) h (k) (V ; i> t )p +k d 3 k is a vector in Hp and that it belongs to the domain of 

Hp at . Then the procedure consists in studying the mean value of the positive oper- 
ator H-p at — E at (P) on it and in taking into account the condition |V E at |p +q | < 1 

Vq G supph (if P G S) to estimate E at (P + k) - |k| - E at (P) < and to conclude 
that the vector is zero. 
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